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Question.

(a) Let (X,0x) and (Y, Oy) be topological spaces. Prove that a map

f
X—Y
is continuous if and only if f~1(A) is closed in X for every closed subset A of Y.

(b) Let (X,Ox) and (Y, Oy) be topological spaces. Prove that a map

f
X——Y

is continuous if and only if for every = € X and every neighbourhood U of f(z) in
(Y, Oy), there is a neighbourhood U’ of x in (X, Ox) such that f(U’) C U.

(c) Let (X,0Ox) and (Y, Oy) be topological spaces, and let O} be a basis for (Y, Oy).
Prove that a map

f
X——Y

is continuous if and only if f~1(U) € Ox for every U € 0.



(d) Let (X,0Ox) and (Y,Oy) be topological spaces, and let O} be a sub-basis for
(Y, Oy). Prove that a map

f
X——Y

is continuous if and only if f~1(U) € Ox for every U € O},

(e) Let (X, Ox) and (Y, Oy) be topological spaces. Let {U;};es be a basis for (X, Ox),
and let {UJ,}je; be a basis for (Y, Oy). Prove that a map

f
X——Y

is continuous if and only if for each z € X and each j' € J' such that f(z) € U,
there is a j € J such that z € Uj and f(U;) C Uj,.

Solution.

(a) Let A be a closed subset of Y with respect to Oy. By definition, we have that
Y \ Aisopen in (Y,Oy). If f is continuous, we deduce that

X\ (f7HA) =71\ 4)
is open in (X, Oy). Thus f~!(A) is closed in (X, Oy).

Suppose that f~1(A) is closed in (X,Ox) for every closed subset A of Y with
respect to Oy . Let U be an open subset of Y with respect to Oy. Then Y \ U is
closed in (Y, Oy ), and we deduce that

X\fHU) =Y \U)
is closed in (X,0x). Thus U = X \ (X \ U) is open in (X, Ox).
(b) Suppose that f is continuous. Let z € X, and let U be a neighbourhood of f(z)

in (Y,Oy). Let U' = f~1(U). Since f is continuous, U’ € Ox. Moreover, we have
that f(U') C U.

Conversely, suppose that for every z € X and every neighbourhood U of f(x) in
(Y, Oy), there is a neighbourhood U’ of x in (X, Ox) such that f(U’) C U. Let
U" € Oy, and let € f~Y(U"). Then U” is a neighbourhood of f(z) in (Y,Oy).
By assumption, we deduce that there is a neighbourhood U, of z in (X, Ox) such
that f(U,) Cc U".

Then U, C f~H(U"), and thus U, j—1(gmy Uz € f7H(U"). Since @ € Uy, we also
have that f~1(U") C Uses—1 ) Uz, We deduce that U, p—1m Us = F~rum.
Since U, € Ox forallz € f~1(U"), we have that Ua:ef—l(U”) U, is open in (X, Ox).
We conclude that f~1(U") € Ox, as required.
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Since O is a basis for (Y, Oy ), we have that U € Oy for every U € O},. If f is
continuous, we thus have that f~1(U) € Ox for all U € 0.

Conversely, suppose that f~1(U’) € Ox for every U’ € O). Let U € Oy. Since
Oy is a basis for (Y, Oy), we have that U = ;. ; Uj for a set {U}};e, of subsets
of Y which belong to Of,. Then

o= yuo) = U i),

jeJ jeJ

jed

By assumption, we have that f~1(U;) € Ox for all j € J. Since Ox defines
a topology on X, we deduce that UjeJ f71(U;) belongs to Oxj and thus that

f_l(U) € Ox.

Since Oy is a sub-basis for (Y, Oy ), we have that U € Oy for every U € Oy.. If f
is continuous, we thus have that f~1(U) € Ox for all U € O}

Conversely, let Of. denote the set of subsets of Y obtained by taking finite inter-
sections of subsets of Y which belong to Of.. Then O defines a basis for (Y, Oy).
We deduce by (1) that it suffices to show that f_l(ﬂjej U;) € Ox for any finite
set {U;}jes of subsets of Y which belong to O, .

We have that f‘l(ﬂjej Uj) = Njes f~Y(U;). By assumption, we have that
f~Y(U;) € Ox for all j € J. Since J is finite and since Ox defines a topology on
X, we deduce that (¢, f~1(U;) € Ox, and thus that ffl(ﬂjeJ Uj) € Ox.

Suppose that f is continuous. Let 2 € X and j' € J' be such that f(z) € Uj.
By part (b), we have that there is a neighbourhood U of z in (X, Ox) such that
f(U) C Uj. By Question 3 (b) on Exercise Sheet 2, there is a j € J such that
z € Uj and U; C U. We have that f(U;) C f(U) C U}, and thus that f(U;) C UJ,.

Conversely, suppose that for each z € X and each j' € J' such that f(z) € U,
there is a j € J such that x € U; and f(U;) C Uj,. Let z € X, and let U’ be a
neighbourhood of f(x) in (Y, Oy). By Question 3 (b) of Exercise Sheet 2, there is
a j' € J' such that f(z) € U}, and U}, C U'. By assumption, there is a j € J such
that 2 € U; and f(U;) C Uj,. Thus f(U;) C U’. We deduce by part (b) that f is

continuous.

Question.

Let X = {a,b,c} be equipped with the topology

OX = {®7 {b}a {aa b}? {b? C}? X}’



and let Y = {da’,V/, ¢, d', e’} be equipped with the topology
Oy = {0, {d'}, {e}, {d’, &'}, {V/, '}, {d, ¥, '}, {V/, &, e’} {0, &, '},  dl €'}, Y

Which of the following maps

are continuous?

Ha—d, b—eée,c—d.

3

(1)

(2) a— e, b—=é, c— .
a—cd,b—=d,c—d.

3)

(4)

4) a—=bt,b—d,c—d.

Solution.

Note that O} = {{d',€'},{d’,V/,c},{V/,d,d',e'}} defines a sub-basis for Oy. By Ques-
tion [1] (d), it suffices to check that f~1(U) € Ox for each of the three sets U € O}..

(1) We have that f~1({d’,e'}) = {b}, [ ({d,V/,d}) =0, and f1({¥,d,d,€}) =
X, all of which belong to Ox. Thus f is continuous.

(2) We have that f~*({da’,¥',¢'}) = {c}, which does not belong to Ox. Thus f is not
continuous.

(3) We have that f~1({t/,c,d’,€'}) = {a,c}, which does not belong to Ox. Thus f is
not continuous.

(4) We have that f~1({d’,€'}) =0, f~1({d,V,c}) = {a,b}, and fH({V/,c,d,e'}) =
X, all of which belong to Ox. Thus f is continuous.

3

Question.

Let (X, Ox) be a topological space, and let R be equipped with its standard topology
Okr.



(a)

Let

f
X R
be a continuous map. Prove that the map
|/
given by x — |f(x)| is continuous.
Let
f
X R

be a continuous map. Prove that for any k € R, the map

kf

R

given by x — k- f(z) is continuous.

Let

be continuous maps. Prove that the map

f+g
R

given by x — f(x) + g(x) is continuous.
Hint:
(i) Appeal to Question 7 (a) of Exercise Sheet 2.

(ii) For any b € R, appeal to the fact that

{r e X | f(x)+g(z) < b} = U ({x €eX| f(z)<b—y}n{ze X |g(z) < y})

yER



(iii) For any a € R, appeal to an analogous expression of
{reX|f(z)+g(z)>a}
as a union of intersections.

(d) Let

be continuous maps. Prove that the map

ng

R

given by x — f(x) - g(x) is continuous.
Hint:

(i) Prove that if f(x) > 0 for all x € X, then the map

2
¥ f

R

given by x — f(z) - f(z) is continuous.

(ii) Find an expression for fg which allows you to deduce the continuity of fg
from (i) and parts (a)—(c).

(e) Let

be continuous maps, and suppose that g(z) # 0 for all x € X. Prove that

Q [~

given by x — % is continuous.



(h)

Hint:

For any a,b € R, find an expression for {x € X| ﬁ < b} and an expression for
{x € X | ﬁ > a} which allows you to deduce that ffl((—oo, b)) and ffl((a, oo))
are open in (X, Ox) from the continuity of f and the continuity of bf and af.

Deduce that a map

R R

which is a quotient of polynomials, namely a map of the form

k0+k11‘+k2$2—|—...+k‘m$m
lo+hz+1lx?+...+ 12"

where m,n € N, k; € Rforall 0 <7 < m, and l; € Rforall 0 < j < n,is
continuous.

Here we assume that
0#Ilg+ Lo +la?+... + 1"

for all z € R.

Prove that the map

R xR R
given by (x,y) — xy is continuous.
Prove that the map

R x R R

given by (z,y) — z + y is continuous.

Solution.

(a)

By definition of Og, the set of open intervals (a, ) in R defines a basis for (R, Og).
By Question [1| (c) it is sufficient to check that |f|~!((a,b)) is open in (X, Ox) for
any a,b € R with a < b.



Indeed, we have that
1F 7 ((a,0) = {z € X | a < [f(z)] < b}
={reX|-b< f(z)<—alU{zeX|a< f(x)<b}
= fil ((_b’ _a)) U fil ((CL, b))
= [7H((=b,—a) U (a,b)).

Since f is continuous, f~!((—b, —a)U(a,b)) is open in (X, Ox). Thus [f~!|((a,b))
is open in (X, Ox).

Again, it is sufficient to check that f~! ((a, b)) is open in (X, Ox) for any a,b € R
with a < b.

If K =0, then kf is the constant map x + 0 for all x € X. By Proposition 2.18 in
the Lecture Notes, we deduce that kf is continuous.

If kK > 0, we have that
(kf)"'((a,b)) ={z € X | a < kf(z) < b}
—reX| < i@ <)
= ' ((ka, kb)).

Since f is continuous, f~'((ka,kb)) is open in (X,Ox). Thus (kf)~*((a,b)) is
open in (X, Ox).

If £ < 0, we have that
(kf) ' ((a,b)) ={z € X | a < kf(z) < b}
—weX | < i<
= 1 ((kb, ka)).

Since f is continuous, f~'((kb,ka)) is open in (X,Ox). Thus (kf)~'((b,a)) is
open in (X, Ox).

By Question 7 (a) of Exercise Sheet 2,
{(_Ooab) ‘ be R}U{(G,OO) | a € R}

defines a sub-basis for (R, Or). By Question (1| (d) it is therefore sufficient to check
that (f + g)~'((—o0,b)) € Ox for all b € R and that (f + g)~*((a,00)) € Ox for
all a € R.

Let us prove that

{a:EX]f(x)+g(x)<b}:U({xeX|f(:c)<b—y}ﬂ{x€X\g(m)<y}>.

yEeR



Suppose that 2 € X has the property that f(z) < b —y and g(x) < y for some
y € R. Then f(z) + g(z) < (b —y) +y = b. Thus we have that

U ({rex i@ <b-y}n{zeX|g@) <y})c{oeX|f(x)+g() <b).
yeR

Conversely, suppose that 2/ € X has the property that f(z') 4+ g(2’) < b. Take any
y € R be such that g(z') <y < b— f(2'). Then

def{zeX|flx)y<b—y}n{zeX|g) <y}

We deduce that

freX | f@)+g@) <vrc | ({reX|f@) <b-y}n{reX g <y})

yeR
This completes the proof that

{a;eX]f(x)+g(a?)<b}:U({x€X|f( )<b—y}n{zeX|g(x <y})

yeR
We have that

(f+9)7 ((—00,b)) = {z € X | f(x) +g(x) < b}
:U({xeX]f( )<b—y}n{zeX|glx <y})

yeR

=U (f’l((—oo,b ~)) ﬂg*l((—oo,y))‘

yEeR

Since f is continuous, f~* ((—oo, b— y)) is open in (X, Ox). Since g is continuous,

g‘l((—oo,y)) is open in (X, Ox). Thus f~1 ((—oo, b— y)) ﬂg‘l((—oo, y)) is open
in (X,Ox) for all y € R, and hence

U (7 (=000 =) ng™ ((=o0,1))

yeR
is open in (X, Ox). Thus (f +g) ™' ((—00,b)) is open in (X, Ox).

Similarly we have that

(f +9) ' ((a,00)) = {z € X | f(x) + g(z) > a}
:U<{x€X\f( >a— }ﬂ{x6X|g >y})

yeR

— U (7 (@ ) g (0 ).

yER



Since f is continuous, f~*((a — y,00)) is open in (X, Ox). Since g is continuous,
g_l((y, oo)) is open in (X, Ox). Thus f_l((a -y, oo)) N g_l((y,oo)) is open in
(X,Ox) for all y € R, and hence

U (f‘l((a —y,00)) Ng ™ ((y, OO))>

yEeR

is open in (X, Ox). Thus (f + g)~*((a,00)) is open in (X, Ox).

Let us first prove that if f(x) > 0 for all x € X, then f? is continuous. As in parts
(a) and (b), it is sufficient to check that (f%)~((a,b)) is open in (X, Ox) for any
a,b € R with a < b. Indeed we have that

() (@) ={re X [{zr e X |a< f(z) f(z) <b}
={reX|va< f(x)<Vb}
= [H((a, Vb)).

Since f is continuous, f~!((v/a, Vb)) is open in (X, Ox), and thus (f?)~!((a,b))
is open in (X, Ox).

Next, note that f(z) - g(z) = %(}f(:r) + g(:l:)‘2 — | f(z) - g(x)‘z) By part (c¢) we
have that f + g is continuous. By part (a) we deduce that |f + g| is continuous.
By part (b) we have that —g is continuous. Thus by part (c) we have that f —g¢
is continuous. By part (a) we deduce that |f — g| is continuous.

Hence |f+g|? and |f —g|? are continuous. By part (c) we deduce that |f+g|>+|f —
g|? is continuous. By part (b) we conclude that i(!f(a:) +g(x) ‘2 —|f(z) = g(z) ‘2>
is continuous, and thus that fg is continuous.

Let us first prove that the map

1
g

X R

given by = — ﬁ is continuous. We proceed as in (¢). By Question 7 (a) of
Exercise Sheet 2,

{(—=o0,b) | beR}U{(a,0) | a € R}

defines a sub-basis for (R, Or). By Question 1| (d) it is therefore sufficient to check
that (é)_l((—oo,b)) € Ox for all b € R and that (é)_l((a, 00)) € Ox for all
acR.

Note that

1
{xeX!m>a}

10



is the union of
{zeX|glx)>0tNn{zre X |ag(x) <1}

and
{reX|gx)<0}n{zeX|ag(x)> 1}

Since g is continuous, g1 ((0,00)) = {z € X | g(z) > 0} is open in X, and
g_l((—oo,())) ={z € X | g(x) <0} is open in X.

Moreover, by (b), the map

ag

is continuous, since g is continuous. Hence

(ag)~* (=00, 1)) = {z € X | ag(x) < 1}

is open in X, and

(ag) ™' ((1,00)) = {z € X | ag(x) > 1}
is open in X. We conclude that

1)1 ={z o a
G (@) = e X | oL >

is open in X.
Similarly, note that
1
reX|——=<b
{ | o) }

is the union of

{zeX|glx)>0}n{zre X |ag(x)>1}
and

{reX|gx)<0}n{zeX|ag(x) <1}

We deduce in the same way as above that

_1 i 1
is open in X.

This completes the proof that % is continuous. Since g =f- (%), we deduce from

(d) that 5 is continuous.

11



(f)

Note first that the identity map

Rz’d

R,

namely the map given by x — z, is continuous. Indeed, if U is open in R, then
id~Y(U) = U is open in R. By (d) and induction, we deduce that for any n > 1
the map

R

R

given by z — z™ is continuous. By (b), we deduce that for any n > 0 and any
ky, € R the map

given by x — k,x" is continuous.

By Proposition 2.18 in the Lecture Notes, we also have that the constant map

R R

given by x — kg for all x € X is continuous, for any ky € R. By (c), we deduce
that a polynomial map

R,

namely a map given by
= ko + kix + kox? 4+ ...+ kpa”

for some n > 0 and k,, € R is continuous. By (e), we conclude that a quotient of
polynomials as in the question is continuous.

The map

RxR R

is the product p; - po of the maps

12



D1
R xR

R

and

D2

RxR R.

By Proposition 3.2 in the Lecture Notes, we have that p; and ps are continuous.
By (d), we deduce that x is continuous.

(h) The map
R xR R
is the sum p; + p2 of the maps
RxR——R
and
RxR—2—R,

Again, by Proposition 3.2 in the Lecture Notes, we have that p; and po are con-
tinuous. By (c), we deduce that x is continuous.

4

Question.

(a) Let (X,0x), (Y,0y), and (Z,Oz) be topological spaces, and let

p f

X

and

9

A Y

be continuous maps. Prove that the map

13



fxg

VA XxY

given by z — (f(2),9(z)) is continuous.

Let (X,0x), (Y,0Oy), and (Z,Oyz) be topological spaces. Prove that a map

f
A XxY
is continuous if and only if the maps
piof
and
p2o f

are continuous.

Let (X,Ox), (Y,0y), (X', 0x/), and (Y', Oy-) be topological spaces, and let
X L> X’

and
Y N Y’

be continuous maps. Prove that the map

X
Xfog

X'xY’

given by (z,y) — (f(z),g(y)) is continuous.
Let (X, Ox) be a topological space. Prove that the map

Xi’XXX

given by x — (x,z) is continuous.

14



(e)

Let (X, Ox) and (Y, Oy) be topological spaces. Prove that the map

XxY T 5yxX

given by (z,y) — (y,x) is continuous.

Solution.

(a)

By Question 4 (a) of Exercise Sheet 2, we have that {U xU" | U € Ox, U’ € Oy}
defines a basis for Oxxy. By Question [I| (c), it therefore suffices to prove that
(f x9) XU x U') € Oy for any U € Ox and U’ € O,

Indeed, we have that (f x ¢)"1 (U xU’) = f~1({U)Ng=1(U’). Since f is continuous,
f~Y(U) € Oz. Since g is continuous, g~ (U’) € Oz. Hence f~1(U)Ng=*(U’) € Oz.

By Proposition 3.2 of the Lecture Notes, we have that p; and po are continuous.
Hence, by Proposition 2.16 of the Lecture Notes, if f is continuous then p; o f and
po o f are continuous.

Conversely, suppose that p; o f and ps o f are continuous. We have that f =
(p1o f) X (p2 x f). We deduce from (a) that f is continuous.

We have that f x g = (p} o (f x g)) X (pyo (f X g)), where

X’xY’LX’

and
/

X’XY’A’Y/

are the projection maps. By (b), we deduce that f x g is continuous.
We have that A = id x id. Since id is continuous, A is continuous by (a).

We have that 7 = py X p1, where

b1
XXY —X

and

b2
XXxY ——Y

15



are the projection maps. Since p; and ps are continuous by Proposition 3.2 in the
Lecture Notes, we deduce that 7 is continuous by (a).

5

Question.

Let (X,0x) and (X', Ox) be topological spaces. Let

XXYLX

and

Xxy 12

Y

denote the projection maps.

Let A be a closed subset of (X,Ox), and let A’ be a closed subset of (X', Ox/). By
Proposition 3.2 in the Lecture Notes we have that p; and ps are continuous. Use this to
prove that A x A’ is a closed subset of (X x X', Oxyxx/).

Solution.

Since p; is continuous and A is closed in (X, Ox) we have by Question (a) that p; ' (A)
is closed in (X x Y,Oxyy). In addition we have that A x X’ = p;*(A). Thus A4 x X'
is closed in (X XY, Oxxy).

Since py is continuous and A’ is closed in (X', Ox/) we have by Question (1| (a) that
py (A') is closed in X x Y. In addition we have that X x A’ = p;'(A’). Thus X x A’
is closed in (X x Y, Oxxy).

We have that A x A’ = (A x X")N (X x A’). Since both A x X" and X x A’ are closed
in (X xY,0xxy) we deduce that A x A’ is closed in (X x Y, Oxxy).

6

Question.

Let (X,0x) and (Y, Oy) be topological spaces, and let A be a subset of X equipped
with the subspace topology O4 with respect to (X, Ox).

16



(a) Let

be a continuous map. Prove that the restriction of f to A defines a continuous
map

(b) Let

denote the inclusion map. Prove that a map

f
Y —A

is continuous if and only if the map

1S continuous.

(c¢) Let (X,Ox) and (Y, Oy) be topological spaces, and let A be a subset of X equipped
with the subspace topology O4 with respect to (X, Ox). Give an example to show
that a continuous map

f
A Y
need not extend to a continuous map
X —Y.

In other words, find topological spaces (X, Ox), (Y,Oy), and (A4,O4) and a con-
tinuous map

17



Aty

which cannot be the restriction of any continuous map

X —Y.

Solution.

(a)

(b)

Let f denote the restriction of f to A. Let U € Oy. Then (f)~1(U) = Anf~1(U).
Since f is continuous, f~1(U) € Ox. Hence, by definition of O, we have that
AN f~YU) is open in (A,04). Thus (f)~1(U) is open in (A, O4).

By Proposition 2.15 in the Lecture Notes, 7 is continuous. Thus if f is continuous,
then i o f is continuous by Proposition 2.16 in the Lecture Notes.

Conversely, suppose that 7 o f is continuous. Let U € O4. Then U = AN U’ for
some U’ € Ox. We have that

(o) ) = (W)
— AN
— ).

If i o f is continuous, then (io f)~1(U’) is open in Y, and hence f~1(U) is open in
Y.

We can for instance take both (X,0Ox) and (Y,0y) to be (R,Or), let A =
(—00,0) U (0,00) be equipped with the subspace topology with respect to (R, Or),
and define

N f

R

to be the map given by z +— 0 if z € (—00,0) and x +— 1 if = € (0, 00).

Then f is continuous. After we have explored ‘coproduct topologies’” we will be
able to see this immediately, but let us here verify it by hand. Let U € Og. If
0€UandlgU, then f71(U) = (—00,0) € O4. If 1 € U and 0 ¢ U, then
f7HU) = (0,00) € O4. If0 € U and 1 € U, then f~1(U) = (—00,0) U (0, 00),
which is open in Q4. Finally, if 0 ¢ U and 1 ¢ U, then f~! (U) =0 € Og4.

Let

f/

18



be a map whose restriction to A is f. If f/(0) # 0 and f’ # 1, there is an
open interval (a,b) such that f(0) € (a,b) and 0 ¢ (a,b) and 1 ¢ (a,b). Then
f'((a,b)) = {0}, which is not open in R.

If f/(0) = 0, then for any U € Og such that 0 € U we have that (f/)"}(U) =
(—00,0], which is not open in (R, Og) since it cannot be obtained as a union of
open intervals (check that you can rigorously prove this — it is not difficult!).

If f/(0) = 1, then for any U € Og such that 0 € U we have that (f")~*(U) = [0, 00),
which similarly is not open in (R, Og).

This proves that f’ cannot be continuous.

7

Question.

Let (X,0x) and (Y, Oy) be topological spaces, and let A be a subset of Y. Let A be
equipped with the subspace topology O4 with respect to (Y, Oy).

(a) Prove that if

f
X——Y

is a continuous map such that f(X) C A, then the map

X—A
given by x — f(x) is continuous.
(b) Prove that if
f
X—A

is a continuous map, then the map

X

given by x — f(x) is continuous.

Solution.

19



8

(a)

Let

f/
X—A

denote the map given by = — f(x). Let U € O4. By definition of O 4, we have
that U = ANU’ for some U’ € Oy. Since f(X) C A, we have that

F7HU) = AN
= AN W)
=XnfHU)
— )
Since (f)"Y(U) = f~1(U), we deduce that (f')~Y(U) = f~YU’). Since f is
continuous, f~H(U’) € Ox. Thus (f)~1(U) € Oy.
Let

fl
X —Y

denote the map given by x — f(x). Let U € Oy. By definition of O4, we have
that ANU is open in (A, O4). Since f is continuous, we deduce that f~1(ANU) is
open in (X,Ox). We have that f1(ANU) = fYA)NfHU)=XnfYU)=
fF~HU) = ()1 (U). Thus (f")~Y(U) is open in (X, Ox).

Let X and Y be sets, and let {Aj}jEJ be a set of subsets of (X,Ox) such that X =
UjEJ Aj. Let A == ﬂjEJ Aj.

Suppose that for every 5 € J we have a map

Aji,y

such that the restriction of f; to A’ is equal to the restriction of f; to A for all (j, ;') €
J x J. Then the map

9
X

Y

given by x — fj(x) if z € A; is well-defined.
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Now let Ox be a topology upon X, and let Oy be a topology upon Y. Equip every
A; for j € J with the subspace topology with respect (X,Ox). Suppose that f; is
continuous for every j € J.

Question.

(a) Prove that if A; is open in (X, Ox) for every j € J, then g is continuous.

(b) Prove that if J is finite and A; is closed in (X,Ox) for every j € J, then g is
continuous.

(c) Find an example to show that for an arbitrary finite set {A;}, it need not be the
case that g is continuous.

(d) Find an example to show that when J is infinite, then g need not be continuous
even if A; is closed in (X, Ox) for every j € J.

Remark 0.1. The result of (a) and (b) is known as the glueing lemma or pasting lemma.
Solution.
(a) Let U € Oy. We have that g~ }(U) = Ujes fj*l(U). Since f; is continuous for all

j € J we have that fj_l(U) € Oy, for all j € J. Since Aj is open in X, we deduce
that ;e fj_l(U) is open in (X, 0x). Thus g~ 1(U) is open in X.

(b) By induction, it suffices to consider the case that X = A; U As for subsets A; and
Ay of X. Let

AILY

denote the restriction of f to Ay, and let

AlLY

denote the restriction of f to As.

Let V' be a closed subset of Y. Since f; is continuous, by Question 1 (a) we have
that f;'(V) is closed in Aj. Since A; is closed in X, we deduce that f; (V) is
closed in X.

Similarly, since f; is continuous, by Question 2 (a) we have that f5 L(V) is closed
in Ay. Since Aj is closed in X, we deduce that f, (V) is closed in X.

Note that
V) =AU L),
Since f;*(V) and f5 (V) are closed in X, we deduce that f~(V) is closed in X.
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Let (X, Ox) be (R,Or), and let X = (—00,0) U [0, 00). Let

S

R R

denote the map given by

0 ifx <0,
T
1 ifx>0.

The restriction f; of f to (—o0,0) is the constant map given by = — 0 for all
x € (—00,0). The restriction fo of f to [0,00) is the constant map given by x +— 1
for all = € [0,00). By Proposition 2.18 in the Lecture Notes, we have that both f;
and fy are continuous.

But f is not continuous, since f~1(U) = [0, 00) for any U € O such that 1 € U
and 0 ¢ U. As we already observed in the solution to Question [f] (c), [0, 00) is not
an open subset of (R, Og).

Let (X,0x) = [0,1], let A, = [%,1] for any n € N with n > 1, and let Ay = {0}.
Define

fn

[1,1] R

to be the constant map given by x + 1 for all z € [%, 1]. Let

fo

{0} R

be the map 0 — 0. By Proposition 2.16 of the Lecture Notes, f, is continuous for
all n > 0. The corresponding map

9

[0,1] R

is given by

1 ifz e (0,1],
T
0 ifz=0.

Thus g is not continuous, since for example g~ (U) = {0} for any neighbourhood
U of 0 in (R, Or) which does not contain 1, and {0} is not open in [0, 1].
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In this question, we will construct step-by-step a continuous map

R St

For any y € [—1,1], there is a unique k, € R with k, > 0 such that ||(k,,y)|| = 1. We

have that
ky =+/1—192,

where we take the positive square root.

(0,1)
(0 y). .(ky:y)
(0,21)

Given z € [0, 3], let y = 1 —4a, and define ¢(z) to be (ky,y). We may picture ¢ on [0, 1]
as follows.

Given z € R such that x € [%, 1], let y = 4o — 3, and define ¢(z) to be (—k,,y). We may
picture ¢ on [0, 1] as follows.

Given z € R and n € Z such that = € [n,n + 1], we define ¢(x) to be ¢(x — n).
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Remark 0.2. The map ¢ allows us to construct paths around a circle without using
trigonometric maps. Sine and cosine define continuous maps, but the proof of this is
quite involved. One has two choices.

(1) Appeal to a notion of angle, which requires a rigorous definition of arc length.

(2) Appeal to analytic methods such as power series.

Both of these approaches are quite far removed from our intuitive geometric understand-
ing of paths around a circle! Thus we will not go into this. The map ¢ is simpler, and
we can construct any path around a circle that we are interested in using it!

Question.

(a) Prove that the map

given by y — k, is continuous.

(b) Deduce that the maps

and

are continuous.

(c) Deduce that the map

0,1] —— 5!

1S continuous.

(d) Conclude that the map

R

1s continuous.
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Solution.

(a) Let us first prove that if

¥ S

R

is a continuous map, then the map

i

X R

given by x +— 1/ f(x) is continuous. Since the set of open intervals (a,b) for a,b € R

defines a basis for (R, Or), by Question 1 (c) it suffices to check that (\/f)fl(a, b)
is open in R for any open interval (a,b).

Indeed,

(V) H((a,b) ={z € X | a < /f(z) <b}

={zec X |ad®< f(x) <b?},
since we are taking +/ f(z) to be the positive square root. Thus
-1 _
(V)™ (@) = £~ ((a*6%).

Since f is continuous, we have that f~! ((a2, b2)) isopen in X. Thus (\/f)_l ((a, b))
is open in X.

This completes the proof that if

is continuous, then

1s continuous.

By Question [3| (f) and Question[f] (a) we have that the map
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given by y ~— 1 — 42 is continuous. Thus the map

[0, 3] R

given by y — k, is continuous, since it is exactly v/f.

The map

RQ

given by x — (ky,y) with y = 1 — 4z is ¢’ x i, where

/

0,3 —2

R

is the map given by x — k, with y =1 — 4x and

0,5 R
is the inclusion map.
We have that ¢’ = f o f’, where
0.4~ 1y
is the map given by x — 1 — 4z, and where
[—1,1] / R

is the map given by y +— k.

By part (a), we have that f is continuous. By Question (3| (f), we have that f’ is
continuous. Thus, by Proposition 2.16 in the Lecture Notes, we have that ¢’ is
continuous. Moreover, by Proposition 2.15 in the Lecture Notes, we have that ¢
is continuous. Thus by Question [4| (a) we have that g = ¢’ x i is continuous. By

Question [7] (a), we deduce that the map
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1S continuous.

Similarly the map

is the inclusion map.

We have that ¢’ = f o f’, where

[%]’ 1 i’ [_17 1]

is the map given by x — 4x — 3, and where

1L

R

is the map given by y — —k,.

We observed above that the map

[*171]

R

given by y — ky is continuous. By Question 3| (f) we deduce that f is continuous.
By Question (f), we have that f’ is continuous. Thus, by Proposition 2.16 in the
Lecture Notes, we have that ¢’ is continuous. Moreover, by Proposition 2.15 in the
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Lecture Notes, we have that ¢ is continuous. Thus by Question 4| (a) we have that
g = ¢’ x i is continuous. By Question [7| (a), we deduce that the map

[5:1] —— st

1S continuous.

It follows immediately from part (b) and Question [8| that

[O’ 1] L’ St

1s continuous.

For any n € Z, the map

[n,n + 1]

[0, 1]

given by x +— x — n is continuous by Question [3| (f). Moreover, by part (c) the
map

[0,1] . St

is continuous. Since the map

[n,n + 1]

Sl

given by x — ¢(x —n) is go ¢, we deduce by Proposition 2.16 in the Lecture Notes
that it is continuous.

We deduce by Question [§] that

R

Sl

is continuous, since we have proven that its restriction to [n,n -+ 1] is continuous
for every n € Z.
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Question.

(a) Prove that the map of Example 2.13 (2) in the Lecture Notes is continuous.
(b) Prove that the map of Example 2.13 (3) in the Lecture Notes is continuous.

(¢) Find a continuous map

I —— A

for a fixed 0 < k < % which describes a ‘spiral” as roughly depicted below, starting
at (0, %), passing through (0, g), and ending at (0, %)

(d) Prove that the map

2——1

given by (z,y) — min{z, y} is continuous. Also, prove that the map

P——1

given by (z,y) — max{z,y} is continuous. Draw a picture of each of these maps!
You may find it helpful to think of the copy of I in the target as a diagonal in I2.

Solution.
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(a) Let
D?x]——— D2

be given by (z,y,t) — ((1 — )z, (1 — t)y). Consider the map

/

gxg
R? x I R2,
where
R x I R
is given by (z,y,t) — (1 — t)z, and where
/
R? x I R

is given by (z,y,t) — (1 —t)y.
By Question [3| (f) and Question [6] (a), the map

u

1

R

given by t — 1 — t is continuous. Moreover, the identity map

Rid

R

is continuous. By Question [4| (¢), we deduce that the map

R? id-u R
is continuous.
Thinking of R? x I as R x (R x I), let
R2 x I Rx I
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denote the projection map. By Proposition 3.2 in the Lecture Notes, we have that
p2 is continuous. We have that ¢’ = (id-u)ops. By Proposition 2.16 in the Lecture
Notes, we deduce that ¢’ is continuous.

Let

RZ2x T RxIT

denote the map given by (x,y,t) — (x,t). Then p = ps o (7 X id), where

R? R?

is the map of Question (4| (e). By Question {4 (e), we have that 7 is continuous.
Since id is continuous, we deduce by Question [4f (c) that ¢ is continuous. Observe
also that ¢ = (id - u) o ¢. Thus, by Proposition 2.16 in the Lecture Notes, we
conclude that g is continuous.

Putting everything together, by Question 4| (a) we deduce that the map

/

gxg

R? x I R?

is continuous. Hence, by Question |§| (a), the restriction of g x ¢’ to D? x I is
continuous. Since the image of this restriction is contained in (in fact equal to)
D2, we conclude by Question @ (a) that g x ¢’ defines a continuous map

D? x ] —— D2
This map is exactly f.
Let k € R, and let

f

[——g!

be given by t — ¢(kt). Then f = ¢ o g, where

g
1

R

is the map given by t — kt. By Question |§| (d), we have that ¢ is continuous. By
Question |3 (f), we have that ¢ is continuous. Hence, by Proposition 2.16 in the
Lecture Notes, f is continuous.
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(c) The map

f

I A

given by t — %gzﬁ(t) + (it, 0) gives rise to a spiral with the required properties. We

must show that f is continuous.

In order to do so, let us first prove that if (X, Ox) is a topological space and

X R2

are continuous maps, then the map

U+ v

X R2

given by (z,y) — u(x,y) + v(z,y) is continuous. Indeed, we have that u + v is

((row) +@iov) x ((p2ou) + (p20v)).

Here

b1
R? R
D2

are the projection maps.

By Proposition 3.2 in the Lecture Notes, p; is continuous. Thus, by Proposition
2.16 in the Lecture Notes, p; o u and pj o v are continuous. Hence, by Question
(h), we have that (p; o u) + (p1 o v) is continuous.

By an entirely analogous argument, (ps o u) + (p2 o v) is continuous. We deduce
by Question 4] (a) that u + v is continuous.

We now turn to proving that f is continuous. Since the map

I R2

is continuous by Question [J] (¢c) and Question [7] (b), we deduce by Question [3] (b)
that the map
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1

I R?
is continuous.
The map

1— g
given by ¢ (%t,O) is ¢’ x 0, where

1 0 R
is the constant map ¢t — 0, and

1 g R

is the map given by ¢ — %t. By Proposition 2.18 in the Lecture Notes, the map

0

1 R

is continuous. By Question [3] (f) and Question [f] (a), the map ¢’ is continuous.
Thus, by Question (4| (a), we have that g = ¢’ x 0 is continuous.

We deduce that the map

1o+yg

is continuous. Since the image of this map is contained in Ay, we deduce by
Question (a) that %qb + g defines a continuous map

1

Ay

This map is exactly f.
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(d) The map

P?—1

given by (z,y) — min{z, y} can be pictured as mapping everything below the diag-
onal horizontally left to the diagonal, and everything above the diagonal vertically
down to the diagonal.

The map

?——1

given by (z,y) — max{x,y} can be pictured as mapping everything below the
diagonal horizontally right to the right vertical face, and everything above the
diagonal vertically up to the upper horizontal face.

11

Question.

Let R be equipped with its standard topology Ogr. Prove that a map

R J

R

is continuous in the topological sense if and only if it is continuous in the € — § sense
that you have met in real analysis/calculus, namely for all z, ¢, e € R with € > 0 there is
a 6 € R with 6 > 0 such that if |z — ¢| < § then |f(z) — f(c)] < e.

Hint:
(1) Appeal to Examples 2.9 (1).
(2) Appeal to Question [1| (e).
Solution.

By Examples 2.9 (1) in the lecture notes, { Bc(%)}zeRr,ccr,e>0 defines a basis for (R, Og).
By Question [I| (e) we deduce that f is continuous in the topological sense if and only if
for all z,y,e € R with € > 0 such that f(z) € Bc(y) there are ¢/, § € R with 3’ > 0 such
that € Bs(y') and f(Bs(y')) C Be(y).

Suppose first that f is continuous in the topological sense. Taking y to be f(x), we have
that there are y/,6 € R with ¢/ > 0 such that € Bs(y') and f(Bs(y')) C Be(f(z)).
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Let &' = min{z — (y — 6), (¥’ + 6) — 2}. Then By (x) C Bs(y'), and hence f(By(z)) C
B.(f(z)), as required.

Conversely, suppose that f is continuous in the e-§ sense. Let x,y,e € R with € > 0 be
such that f(z) € Be(y). Let € = min{f(z) — (y —¢€), (y+¢€) — f(z)}. Then B (f(z)) C
Be(y). Take c to be z. Since f is continuous in the e-0 sense, there exists 6 € R with
6 > 0 such that f(Bs(z)) C Be(f(z)) C Be(y).

12
Let (X, <) and (Y, <) be pre-orderings. A morphism from (X, <) to (Y, <) is a map

f
X ——Y

such that if x < 2/ then f(z) < f(a/).

Question.

(a) What does this requirement correspond to if we picture (X, <) and (Y, <) via
arrows as in Question 8 of Exercise Sheet 17

Recall that by Question 10 of Exercise Sheet 2, Alexandroff topologies on a set X
correspond bijectively to pre-orderings on X, in the following way.

(i) Let (X,0Ox) be an Alexandroff topological space. Given z € X, define U, to be
the intersection of all neighbourhoods of = in (X, Ox). To (X,Ox) we associate
the pre-ordering < defined by = < 2’ if U, D U,

(ii) Let (X, <) be a pre-ordering. We define a topology Ox on X by stipulating that
U C X belongs to Ox if for any = € U and any 2’ € X such that x < 2/ we have
that 2/ € U. We have that (X, Ox) is an Alexandroff space.

Question.

(b) Let (X,0Ox) be an Alexandroff topological space, and let <y denote the corre-
sponding pre-ordering of X. Let (Y, Oy ) be another Alexandroff topological space,
and let <y denote the corresponding pre-ordering.

Prove that a map

f
X——Y

is continuous if and only if f defines a morphsm from (X, <x) to (Y, <y).
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Solution.

(a) The requirement that if x < 2’ then f(z) < f(2’) corresponds to requiring that if
there is an arrow from x to 2’ in X, then there is an arrow from f(x) to f(2’) in
Y.

(b) Suppose that f is continuous. Let x,2’ € X be such that z <x z’. By Question
10 (b) of Exercise Sheet 2, we have that {Us},ex defines a basis for (X, Ox), and
{Uy}yey defines a basis for (Y, Oy). By Question [1] (e), we deduce that there is
an 2" € X such that € Upr and Upr C f~H(Up(y))-

By definition of U,, we have that U, C U,», and hence that U, C ffl(Uf(x)).
Moreover, by definition of <x, we have that U, D U,,. Thus we have that U, C
F 7 Uf(z))- Since 2’ € Uy, we deduce that f(z') € Uy y).

By definition of Uy(,), we conclude that Ug(,y C Uy(,). Thus by definition of <y
we have that f(z) <y f(2/).

Conversely, suppose that if 2, 2 € X have the property that x <x 2/, then f(z) <y
f(2). Let x € X, and let U be a neighbourhood of f(z) in (Y,Oy). Then by
definition of Uy(,), we have that Uy, C U.

Let 2/ € U,. Then by definition of U,, we have that U, C U,, and hence that
x <x «’. By assumption, we deduce that f(z) <y f(z’). By definition of <y, we
then have that Uy() D Up(yr). Hence Uy(,y C U. In particular, since f(2') € Up(,r)
we have that f(2') € U.

This proves that f(U,) C U. We have that « € U,. By Question[1](b), we conclude
that f is continuous.
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