MA3002 Generell Topologi — Var 2014

Richard Williamson

May 19, 2014






10 Tuesday 4th February

10.1 Connectedness in finite examples

Example 10.1.1. Let X = {a,b} be a set with two elements. Let Ox be the topology
on X given by

{0,{b}, X}
The only way to express X as a disjoint union of subsets which are not empty is:
X = {a} U {b}.
However, {a} does not belong to Ox. We conclude that (X, Ox) is connected.

Example 10.1.2. Let X = {a,b,c,d,e} be a set with five elements. Let Ox be the
topology on X given by

{0,{a},{a,b},{c,d},{a,c,d},{c,d, e}, {a,b,c,d},{a,c,d e}, X}.
The following hold.
(1) We have that X = {a,b} LU {c,d,e}.
(2) Both {a,b} and {c,d,e} belong to Ox.

We conclude that (X, Ox) is not connected.

10.2 (Q,Oq) is not connected

Example 10.2.1. Let Q denote the rational numbers. Let Og denote the subspace
topology on Q with respect to (R, Or). Let = € R be irrational. For instance, we can
take = to be v/2. The following hold.

(1) Since z is irrational, we have that

Q= (QnN]-o0,z[) U (QN]z,00).
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10 Tuesday 4th February

2) By Example [1.6.3] we have that |—oo, | belongs to Ogr. By definition of Og, we
(2) By g y o
deduce that Q N ]—o0, z[ belongs to Og.

y Example [1.6.3] we have that |z, 00| belongs to Or. By definition o , wWe
(3) By E le [1.6.3] h hat | [ bel Or. By definiti f Og
thus have that Q N ]z, co[ belongs to Og.

We conclude that (Q, Og) is not connected.

10.3 A characterisation of connectedness

Proposition 10.3.1. Let (X, Ox) be a topological space. Let {0,1} be equipped with
the discrete topology. A topological space (X, Ox) is connected if and only if there does
not exist a surjective, continuous map

X —— {0,1}.

Proof. Suppose that there exists a surjective continuous map

X . {0,1}.

The following hold.

(1) Both {0} and {1} belong to the discrete topology on {0,1}. Since f is continuous,
we thus have that both £~ ({0}) and f~! ({1}) belong to Ox.

(2) Since f is surjective, neither f=1 ({0}) nor £~ ({1}) is empty.

(3) We have that

FAqop Ut = (o1

= f*
= X.
(4) We have that
Fro N ({1) = {z € X | f(z) = 0 and f(z) =1}.
Since f is a well-defined map, the set
{reX|fx)=0and f(z)=1}

is empty. We deduce that
FHop Tt ({)

is empty.
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10.4 (R, OR) is connected

By (3) and (4), we have that

X = (o) ust (1.

We conclude, by (1) and (2), that (X, Ox) is not connected.
Conversely, suppose that (X, Ox) is not connected. Then there are subsets X, and
X1 of X with the following properties.

(1) Neither Xy nor X is empty, and both belong to Ox.

(2) We have that X = X, U X;.

Let

X4f>{0,1}

be the map given by

r—0 ifx e X,
r—1 ifze X;.

By (2), we have that f is well-defined. Since neither Xy nor X; is empty, we have that
f is surjective. Moreover we have that f~! ({0}) = X, and that f~! ({1}) = X;. Since
both Xy and X; belong to Ox, we deduce that f is continuous. O

Remark 10.3.2. For theoretical purposes, it is often very powerful to have a charac-
terisation of a mathematical concept in terms of maps. We shall see that Proposition
10.3.1} is very useful for carrying out proofs involving connected topological spaces.

10.4 (R, Og) is connected

Proposition 10.4.1. The topological space (R, Og) is connected.

Remark 10.4.2. This is one of the most important facts in the course! It is a ‘low-level’
result, which relies fundamentally on the completeness of R. Task guides you
through a proof.

To put it another way, Proposition[I0.4.1]is the bridge between set theory and topology
upon which connectedness rests. After we have proven it, we shall not need again to
work in a ‘low-level” way with (R, Ogr) in matters concerning connectedness. We shall
be able to argue entirely topologically.

Remark 10.4.3. Nevertheless Proposition is intuitively clear. Something would
be wrong with our notion of a connected topological space if it did not hold! It is for
this very reason that Proposition requires a ‘low-level’ proof. We have to think
very carefully about how our intuitive understanding that (R, Or) is connected can be
captured rigorously within the framework in which we are working.
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10.5 Continuous surjections with a connected source

Proposition 10.5.1. Let (X,0Ox) and (Y,Oy) be topological spaces. Suppose that
(X, Ox) is connected. Suppose that there exists a continuous, surjective map

f
X ——Y.

Then (Y, Oy) is connected.
Proof. Let {0,1} be equipped with the discrete topology. Suppose that

vy —2— (0.1}

is a continuous, surjective map. Since f is continuous, we have by Proposition [5.3.1]
that

x 2 0y

is continuous. Since f is surjective, we moreover have that g o f is surjective. By

Proposition [10.3.1} this contradicts our hypothesis that (X, Ox) is connected.
We deduce there does not exist a continuous, surjective map

I f0,1.

By Proposition [10.3.1} we conclude that (Y, Oy) is connected.

Y

Corollary 10.5.2. Let (X, Ox) and (Y, Oy) be topological spaces. Let
f
X—Y

be a homeomorphism. Suppose that (X, Ox) is connected. Then (Y, Oy) is connected.

Proof. Since f is a homeomorphism, f is in particular a continuous bijection. By Task
a bijection in the sense of Definition is in particular surjective. By Propo-
sition [10.5.1} we deduce that (Y, Oy ) is connected. O

Corollary 10.5.3. Let (X, Ox) be a connected topological space. Let ~ be an equiva-

lence relation on X. Then (X/~,Ox/.) is connected.

Proof. Let

™

X

X/~

denote the quotient map with respect to ~. By Remark we have that 7 is contin-

uous. Moreover 7 is surjective. By Proposition [10.5.1, we deduce that (X/~,Ox/.) is
connected. O
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10.6 Geometric examples of connected topological spaces

10.6 Geometric examples of connected topological spaces

Example 10.6.1. Let ]a, b[ be an open interval. Let O)ap[ denote the subspace topology
on |a, b[ with respect to (R, Og).

\ \
a b

By Example[7.3.10} we have that (Ja, b[, Oy, () is homeomorphic to (R, Og). By Corollary
10.5.2} we deduce that (Ja,b[, O, p)) is connected.

Example 10.6.2. Let [a,b] be a closed interval, where a < b. Let O, denote the
subspace topology on [a, b] with respect to (R, Or).

\ \
a b

We have that clg o) (Ja,b[) is [a,b]. By Example [10.6.1] and Corollary [E10.3.4} we

deduce that ([a,b], Ojq4)) is connected.

Remark 10.6.3. We can go beyond Example [10.6.1| and Example [10.6.2] Let X be a
subset of R, and let Ox be equipped with the subspace topology with respect to (R, Og).
Then (X, Ox) is connected if and only if X is an interval. To prove this is the topic of

Task [E10.3.5

Example 10.6.4. As in Example let ~ be the equivalence relation on I generated
by 0 ~ 1.

0 1

By Example [10.6.2] we have that (I, Oy) is connected. By Corollary [10.5.3] we deduce
that (I/~,Or/.) is connected.
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By Task [E7.3.10] there is a homeomorphism

I/~ —— st

By Corollary [10.5.2 we deduce that (S, Og1) is connected.

10.7 Products of connected topological spaces

Proposition 10.7.1. Let (X, Ox) and (Y, Oy) be connected topological spaces. Then
(X xY,Oxxy) is connected.

Proof. Let {0,1} be equipped with the discrete topology. Let

X><Y4f>{0,1}

be a continuous map. Our argument has two principal steps.

(1) Suppose that = belongs to X. By Task [E5.1.5, we have that the map

200

c
Yy —— X
given by y — xg for all y which belong to Y is continuous. By Task we also

have that the map

id
y 2y

is continuous. By Task we deduce that the map

Ce X id
X xY

given by y — (x,y) for all y which belong to Y is continuous. By Proposition m
we deduce that the map

v fo(ey xid) [0.1)

given by y — f(z,y) for all y which belong to Y is continuous. Since (Y, Oy) is
connected, we deduce, by Proposition that f o (¢, x id) is not surjective.
Since {0, 1} has only two elements, we deduce that fo(c; X id) is constant. In other
words, we have that

f($7y0) = f(xayl)
for all yg and y; which belong to Y.



10.7 Products of connected topological spaces

(2) Suppose that y belongs to Y. Let

Cy

X —Y

denote the map given by x +— y for all x which belong to X. Arguing as in (1), we
have that the map

¥ fo(id x ¢y) 0.1

given by x — f(x,y) for all x which belong to X is continuous. To carry out this
argument is the topic of Task Since (X, Ox) is connected, we deduce, by
Proposition that f o (id x ¢,) is not surjective. Since {0,1} has only two
elements, we deduce that f o (id x ¢,) is constant. In other words, we have that

f(xo,y) = f(ﬂfl,y)

for all ¢ and x; which belong to X.

Suppose now that zo and x; belong to X, and that yo and y; belong to Y. By (1),
taking = to be zg, we have that

f(zo,90) = f(zo,91)-

By (2), taking y to be y;1, we have that

f(xo,y1) = f(z1,91)-

We deduce that
f(zo,90) = f(z1,91)

Thus f is constant. In particular, f is not surjective. We have thus demonstrated that
there does not exist a continuous surjection

X xY

{0,1}.

By Proposition [10.3.1} we conclude that (X x Y, Oxxy) is connected.
O

Remark 10.7.2. Suppose that (X, Ox) and (Y, Oy) are topological spaces. The con-
verse to Proposition [10.7.1] holds: if (X x Y,Oxxy) is connected, then both (X,Ox)
and (Y, Oy) are connected. To prove this is the topic of Task [E£10.3.8
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10 Tuesday 4th February
10.8 Further geometric examples of connected topological
spaces

Example 10.8.1. By Proposition [10.4.1] we have that (R, Og) is connected. Applying
Proposition [10.7.1| repeatedly, we deduce that (R™, Ogn) is connected, for any n € N.

Example 10.8.2. By Example [10.6.2] we have that (I, Or) is connected.

By Proposition [10.7.1} we deduce that (12, O2) is connected.

Example 10.8.3. By Example[10.8.2] we have that (12, O;2) is connected. By Corollary
10.5.3, we deduce that (72, Op2) is connected.

Remark 10.8.4. By a similar argument, (M?,0,;2) and (K2, Og2) are connected. To
check that you understand how we have built up to being able to prove this is the topic

of Task [ET0.1.3

Example 10.8.5. By Example [10.8.2) we have that (12, O2) is connected. By Task
there is a homeomorphism

I’ —— D2

By Corollary [10.5.2, we deduce that (D?, Op:2) is connected.
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10.8 Further geometric examples of connected topological spaces

Example 10.8.6. By Example|10.8.5] we have that (D?, Op2) is connected. By Corol-
lary [10.5.3] we deduce that (S?, Og2) is connected.

S
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E10 Exercises for Lecture 10

E10.1 Exam questions
Task E10.1.1. Let X = {a, b, c,d} be a set with four elements.

(1) Let Ox be the topology on X given by
{0.{c},{b,c},{c,d},{a,b,c},{b,c,d}, X}

Is (X, Ox) connected?

(2) Let Ox be the topology on X given by
{0.{c},{a,b}.{a,b,c},{a,b,d}, X}

Is (X, Ox) connected?

(3) Find an equivalence relation ~ on X with the property that (X/~,Ox/.) is con-
nected, where Oy, is the quotient topology on X /~ with respect to the topology
Ox on X of (2).

Task E10.1.2. Let R\ Q be equipped with the subspace topology Op\q with respect
to (R, Ogr). Prove that (R\ Q, Og\q) is not connected.

Task E10.1.3. Prove that (K2, Og2) is connected. You may appeal without proof to
any results from the lecture, but may not assert without justification that any topological
space except (I, Oy) is connected.

Task E10.1.4. Prove that the following topological spaces are connected. Where pos-
sible, give both a proof which makes use of Task and a proof which does not.
You may appeal to any results from the lectures or tasks. In addition, if you may assert
the existence of homeomorphisms without proofs or explicit definitions.

205



FE10 Exercises for Lecture 10

(1) The subset X of R? depicted below, equipped with its subspace topology Ox with
respect to (R?, Og2).

(2) The subset X of R? depicted below, equipped with its subspace topology Ox with
respect to (R?, Oge).

(3) The subset X of R? depicted below, equipped with its subspace topology Ox with
respect to (R?, Ope).

(4) The subset of R? depicted below, consisting of two circles joined at a point,
equipped with its subspace topology Ox with respect to (R?, Og2).
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FE10.1 Exam questions

Task E10.1.5. Let X be a disjoint union of two circles of radius 1 in R?, centred at
(0,0) and (3,0). Let Ox denote the subspace topology on X with respect to (R?, Op2).

Let ~ be the equivalence relation on X generated by (1,0) ~ (2,0).

Without appealing to the fact that (X/~,Ox/.) is homeomorphic to the topological
space of Task |E10.1.4] (5), prove that (X/~,Ox/.) is connected.

Task E10.1.6. Let A be the subset of R? of Task [E8. 1.7
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E10 Exercises for Lecture 10

Let X be the closure of A in R? with respect to Og2, which, as you were asked to prove
in Task [E8.1.7] is the union of X and the line {0} x [0, 1].

0.0 "ot (Lo (170)

Let Ox be the subspace topology on X with respect to (R?, Og2). Prove that (X, Ox)
is connected. You may wish to proceed as follows.

(1) Let O4 be the subspace topology on A with respect to (X,Ox). Prove that

(A,04) is connected by appealing to Task [E2.3.1) Task [E7.1.8] Example [10.6.2
Corollary [10.5.2] and Task [F110.3.9

(2) Deduce that (X, Ox) is connected by Task [E£10.3.4

Task E10.1.7. Let R be equipped with its standard topology Or. Let Og be the
subspace topology on Q with respect to (R, Or). Can there be a continuous map

R Q

which is a surjection?

E10.2 In the lecture notes

Task E10.2.1. Prove that (R, Og) is connected, by filling in the details of the following
argument. Let U be a subset of R which belongs to Or. By Task there is a set [
and an open interval U; for each i € I such that U = | |;c; U;. Suppose that U is neither
() nor R. Then there is an i € I such that one of the following holds.

(1) We have that Uj; is |a, o[, where a € R.
(2) We have that U; is |—o0, b[, where b € R,.

(3) We have that U; is |a, b[, where a € R and b € R.
Treat each of the cases separately, as follows.

(1) Then a is a limit point of U in R with respect to Og, and a does not belong to U.

(2) Then b is a limit point of U in R with respect to Og, and b does not belong to U.
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E10.3 For a deeper understanding

(3) Then both a and b are limit points of U in R with respect to O, and neither a
nor b belongs to U.

By Proposition deduce in each case that U is not closed with respect to Or. By
Task [E10.3.1} conclude that (R, Og) is connected.

Task E10.2.2. Carry out the argument needed for (2) of the proof of Proposition|10.7.1

E10.3 For a deeper understanding

Task E10.3.1. Let (X, Ox) be a topological space. Prove that (X, Ox) is connected if
and only if the only subsets of X which both belong to Ox and are closed with respect
to Ox are ) and X. You may wish to proceed as follows.

(1) Suppose that (X, Ox) is connected. Let X be a subset of X which belongs to Ox.
If Xy is closed with respect to Ox, we have that X \ Xy belongs to Ox. Moreover
Xo N (X \ Xp) is empty. Since (X,Ox) is connected, conclude that X is either ()
or X.

(2) Suppose that X is a subset of X which is neither () nor X. Observe that X \ Xy
is then neither () nor X. We have that X = Xy U (X \ Xp). If both Xy and X \ X
belong to Ox, deduce that (X,Ox) is not connected. Conclude that if Xy both
belongs to Ox and is closed with respect to Ox, then (X, Ox) is not connected.

Task E10.3.2. Let (X,Ox) and (Y, Oy) be topological spaces. Suppose that (X, Ox)
is connected. Let

f
X —Y
be a continuous map. Let Oy x) denote the subspace topology on f(X) with respect to
(Y, Oy). Prove that (f(X),O £ X)) is connected. You may wish to proceed as follows.
(1) Let

x —1 p(x)

be the map given by x — f(x). By Task [E5.1.9, observe that g is continuous.

(2) Moreover we have that g is surjective. By Proposition [10.5.1] conclude that
(f(X),0¢x)) is connected.

Task E10.3.3. Let (X,Ox) be a topological space. Let A be a subset of X, and let
O 4 denote the subspace topology on A with respect to (X, Ox). Suppose that (A,O04)
is connected. Let B be a subset of cl(x o) (A) with the property that A is a subset of
B. Let Op denote the subspace topology on B with respect to (X,Ox). Prove that
(B, Op) is connected. You may wish to proceed as follows.
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E10 Exercises for Lecture 10
(1) Let {0,1} be equipped with the discrete topology Ogiscrete- Suppose that
/
B —— {01}

is continuous. Let

A B

denote the inclusion map. By Proposition [5.2.2] we have that ¢ is continuous. By
Proposition deduce that

o1
Af

{0,1}

is continuous.

(2) Since (A, O,) is connected, deduce by Proposition|10.3.1|that foi is not surjective.
Since {0, 1} has only two elements, deduce that f o is constant.

(3) By Task|E8.3.13} we have that clp 0, (A) is BNclx,0y) (A). Since B is a subset
of clix,05) (A) by assumption, deduce that clg o, (A) is B.

(4) By Task [E9.3.9, we have that f (clp o, (4)) is a subset of

CI({Ovl}vodiscrete) (f(A)) .
By (3), deduce that f(B) is a subset of

CI({O’I}yOdiscrete) (f(A)) *

(5) Demonstrate that cli(o.1},040ee) (f(4)) is f(A). By (4), deduce that f(B) is a
subset of f(A).

(6) By (2) and (5), we have that f is constant. In particular, we have that f is not
surjective. By Proposition |10.3.1} conclude that (B, Op) is connected.

Corollary E10.3.4. Let (X, Ox) be a topological space. Let A be a subset of X, and let
O 4 denote the subspace topology on A with respect to (X, Ox). Suppose that (A, O4)

is connected. Let O (x.0x)(A) denote the subspace topology on cl(x o) (A) with respect

to (R, Ogr). Then (cI(X’@X) (A) ’Ocl(x,ox)(A)> is connected.
Proof. Follows immediately from Task [£10.3.3} taking B to be clix o) (4). O

Task E10.3.5. Let X be a subset of R. Let Ox denote the subspace topology on X
with respect to (R, Or). Prove that (X, Ox) is connected if and only if X is an interval.
You may wish to proceed as follows.
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E10.3 For a deeper understanding

(1) Suppose that X is an interval. The difference possibilities for X are listed below,
where a and b belong to R, and a < b. In each case, fill in the details of the outlined
proof that (X, Ox) is connected.

Interval X  Proof that (X, Ox) is connected

R Proposition |10.4.1

la, b] Example [10.6.1

[a, b] Example [10.6.2

[a, b] Example [10.6.1] and Task [E10.3.3

Ja, b] Example [10.6.1| and Task [E10.3.3|

0 By inspection.

[a, a] By inspection.

la, oof Task [E7.1.5, Corollary [10.5.2] and Proposition [10.4.1
|—00,b] Task [E7.1.6, Corollary |10.5.2, and Proposition |10.4.1
[a, o0] Corollary [E10.3.4] and the case that X is |a, co|.
|—00,b] Corollary [E10.3.4] and the case that X is |—o0, b].

(2) Suppose that X is not an interval. By Task there is an zg € X, an 1 € X,
and a y € R\ X, such that 2o < y < x1. Let Xy be X N|—o0,y[, and let X7 be X N]y, co].
Observe that both Xg and X3 belong to Ox, and that X = Xy L X;. Conclude that
(X, Ox) is not connected.

Task E10.3.6. Let (X, Ox) be a connected topological space. Let R be equipped with
the standard topology Ogr. Let

X R

be a continuous map. Suppose that xg and x1 belong to X, and that f(zg) < f(x1).
Prove that, for every z € R such that f(xg) <y < f(z1), there is an x5 € X such that
f(x2) = y. You may wish to proceed as follows.

(1) Let Oy(x denote the subspace topology on f(X) with respect to (R, Og). Since
(X, Ox) is connected, deduce by Task [E m 2| that (f(X),Op(x)) is connected.
)
)

(2) By Task[E10.3.5 deduce that f(X) is an interval.
(3) Appeal to Task [E1.3.3]

Remark E10.3.7. Taking (X,Ox) to be (R, Or), or to be an interval equipped with
the subspace topology with respect to (R, Or), the conclusion of Task is exactly
the intermediate value theorem. As you may recall from earlier courses, this is one of
the handful of crucial facts upon which analysis rests.

Task E10.3.8. Let (X,Ox) and (Y,Oy) be topological spaces. Suppose that (X x
Y, Oxxy) is connected. Prove that both (X, Ox) and (Y, Oy) are connected. You may

wish to appeal to Proposition and Proposition [10.5.1
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Task E10.3.9. Let (X, Ox) be a topological space. Let {Aj}jeJ be a set of subsets of
X such that the following hold.

(1) For every j € J, we have that (A;,04,) is connected, where O4; denotes the
subspace topology on A; with respect to (X, Ox).

(2) We have that (J;c; 4, is X.

(3) We have that (.., A; is not empty.

jeJ
Prove that (X, Ox) is connected. You may wish to proceed as follows.

(1) Let {0,1} be equipped with the discrete topology. Let

x—1 o

be a continuous map. Suppose that j belongs to J. Let

i
J
Aj

X

denote the inclusion map, given by a — a. By Proposition we have that 7; is
continuous. By Proposition deduce that the map

017,
A, fols

{0,1}

given by a — f(a) is continuous.
(2) Since (Aj,O4,) is connected, deduce by Proposition [10.3.1| that f oi; is constant.

(3) Observe that the fact that (J;c; A; is X, that ();c; A; is not empty, and that
f oi; is constant for every j € J, implies that f is constant.

(4) In particular, f is not surjective. Thus we have demonstrated that there does not
exist a continuous surjection

X ——{0,1}.

By Proposition [10.3.1] conclude that (X, Ox) is connected.
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