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7 Monday 27th January

7.1 Homeomorphisms
Definition 7.1.1. Let X and Y be sets. A map
X —Y
is bijective if there is a map
Y L X

such that go f =idx and fog =idy.

Remark 7.1.2. Here idx and ¢dy denote the respective identity maps, in the terminol-

ogy of [E5.1.2
Notation 7.1.3. Let X and Y be sets, and let

f
X —Y
be a bijective map. We often denote the corresponding map
g
Yy —X

by f~1.

Remark 7.1.4. Let X and Y be sets. A map

X

Y

is bijective in the sense of Definition if and only if f is both injective and surjective.
To prove this is Task [E7.2.1

Definition 7.1.5. Let (X, Ox) and (Y, Oy) be topological spaces. A map

X f

Y

is a homeomorphism if the following hold.
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(1) We have that f is continuous,
(2) There is a continuous map

g
Y —X

such that go f =idx and fog =idy.
Remark 7.1.6. An equivalent definition of a homeomorphism is the topic of Task[E7.3.1

Definition 7.1.7. Let (X,0Ox) and (Y, Oy) be topological spaces. Then (X,Ox) is
homeomorphic to (Y, Oy) if there exists a homeomorphism

X —Y.

Remark 7.1.8. By Task |[E7.3.2) we have that (X, Ox) is homeomorphic to (Y, Oy) if

and only if there exists a homeomorphism

Y

X.

7.2 Examples of homeomorphisms between finite topological
spaces

Example 7.2.1. Let X = {a,b,c} be a set with three elements. Let
f
X—X
be the bijective map given by a — b, b +— ¢, and ¢ — a. Let Oy be the topology on X

given by
{0, {a}, {b,c}, X}
Let O1 be the topology on X given by

{0,{a,c}, {0}, X}

Let us regard the copy of X in the source of f as equipped with the topology Op, and
regard the copy of X in the target of f as equipped with the topology O;. We have the
following.

L) =0
({a cp) = {b,c}
L{bY) = {a}
) =X
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7.2 Examples of homeomorphisms between finite topological spaces

Thus f is continuous. Let

Thus g is continuous. We conclude that f is a homeomorphism. In other words, we have
that (X, Q) and (X, O;) are homeomorphic.

Example 7.2.2. Let X be as in Example Let O3 be the topology on X given by
{0.{a,b},{c}, X} .

Let f be as in Example Let us again regard the copy of X in the source of f as
equipped with the topology Oy, but let us now regard the copy of X in the target of f
as equipped with the topology Os. Then f is not continuous, since f~1 ({c}) = {b}, and
{b} does not belong to Oy. Thus f is not a homeomorphism.

Remark 7.2.3. Let
h
X—X

be the bijective map given by a — ¢, b — b, and ¢ — a. We have the following.

Thus h is continuous. Moreover we have that h is its own inverse. We conclude that b is a
homeomorphism. In other words, we have that (X, Op) and (X, Oz) are homeomorphic.

Example and Remark demonstrate that a pair of topological spaces can
be homeomorphic, even though a particular map that we consider might not be a
homeomorphism. It is very important to remember this!

Example 7.2.4. Let X be as in Example Let O3 be the topology on X given by

{0, {a}, {0}, {a,b},{b,c}, X} .
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Let f be as in Example Let us regard the copy of X in the source of f as equipped
with the topology O3, and regard the copy of X in the target of f as equipped with the
topology O1. Since Oy is a subset of Os, the calculation of Example demonstrates
that f is continuous. The inverse of f is the map g of Example We have that
g 1 ({b}) = {c}, and {c} does not belong to O1. Thus g is not continuous. We conclude
that f is not a homeomorphism.

Remark 7.2.5. Let (X,Ox) and (Y, Oy) be homeomorphic topological spaces. Then
Ox and Oy must have the same cardinality. To prove this is Task [£7.3.3, Thus (X, O3)
is not homeomorphic to (X, Oy).

Example [7.2.4] and Remark demonstrate that there can be a continuous bi-

jective map from one topological space to another, and yet these topological spaces
might not be homeomorphic. It is very important to remember this! This phenomenon
does not occur in group theory or linear algebra, for instance.

7.3 Geometric examples of homeomorphisms

Remark 7.3.1. Two geometric examples of topological spaces are, intuitively, homeo-
morphic if we can bend, stretch, compress, twist, or otherwise ‘manipulate in a continu-
ous manner’, one to obtain the other. We can sharpen or smooth edges. We cannot cut
or tear.

Remark 7.3.2. It may help you to think of geometric examples of topological spaces
as made of dough, or of clay that has not yet been fired!

Example 7.3.3. Suppose that a,b € R, and that a < b. Let the open interval ]a, b[ be
equipped with the subspace topology O, with respect to (R, OR).

Let the open interval ]0, 1] also be equipped with the subspace topology with respect to
(R, OR).

Then (]a,b[,(’)]a,b[) is homeomorphic to (]O, 1[,(9}071[). Intuitively we can stretch or
shrink, and translate, ]0, 1[ to obtain ]a,b[. To be rigorous, the map
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7.3 Geometric examples of homeomorphisms

.10 L Jaf

given by t — a(1l — t) 4 bt is a homeomorphism.

For the following hold.

(1) By Task [E5.3.14] we have that f is continuous.
(2) Let

Ja, b —2—10,1[

be the map given by ¢ — i:—z. By Task [E5.3.14] we have that g is continuous.

Moreover we have the following, for every t € |0, 1].

g(f@)) = g (a(l =)+ bt)
a(l—t)+bt—a

b—a
_t(b—a)
- b—ua

=t.

Thus we have that g o f = id) ;. We also have the following, for every t € ]a, b|.
t—a
(5=2)
t—a t—a
- ( =) =)

a(b—a)-— (t a)+b(t—a)
b—

f(g(t)

t(b—a)
b—a
=t.

Thus we have that fog = id) .
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Example 7.3.4. Suppose that a,b € R, and that a < b. Suppose also that a/,b' € R,
and that @’ < V/. Let |a, b[ be equipped with the subspace topology Ojap| with respect
to (R, OR)

Let ]a’, b'[ be equipped with the subspace topology Oy, 1 with respect to (R, Og).
la’,b'[

\ I
a’ v

By Example and Remark [E7.1.11] we have that (]a,b[,(’)}&b[) is homeomorphic
la’,b'[

to (]a’ [, 0 . In other words, we use the homeomorphism of Example to
construct a homeomorphism from (Ja, b[, Ojq ) to (Ja',0'[, Opqr () in two steps.

Remark 7.3.5. The technique of Example and Example is a good one to
keep in mind when trying to prove that a pair of topological spaces are homeomorphic.

(1) Look for an intermediate special case, which in this case is where one of the
topological spaces is (]O, 1, (’)]0’1[), for which we can explicitly write down a home-
omorphism without too much difficulty.

(2) Apply a ‘machine’, which in this case is the fact that we can compose and invert
homeomorphisms, to achieve our original goal.

Example 7.3.6. Suppose that a,b € R, and that a < b. Suppose also that a/,b’ € R,
and that o’ < b'. Let [a,b] be equipped with the subspace topology Oj, with respect
to (R, OR)
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7.3 Geometric examples of homeomorphisms

Let [a’, 0] be equipped with the subspace topology O[,s 4 with respect to (R, Og).

I I
a’ v

Then ([a, b] ,O[a’b]) is homeomorphic to ([a’, b'] ,(’)[a/’b/]). Intuitively, we can stretch or
shrink, and translate, [a,b] to obtain [a,b]. To be rigorous, we can argue in exactly the
same way as in Example and Example with the unit interval (I, Oy) as the
intermediate special case.

Remark 7.3.7. The assumption that a < b and o’ < ¥’ is crucial in Example Let
a € R. Let {a} = [a,a] be equipped with the subspace topology O, with respect to
(R, OR).

Suppose that a’/,0’ € R, and that o’ < V'.

We have the following.

(1) A homeomorphism is in particular a bijection, as observed in Task [E7.3.1

(2) There is no bijective map
{a} —— [, 0].

To check that you understand this is Task [E7.2.2]

We conclude that ({a}, Oy4}) is not homeomorphic to ([a/,b'], Oy ;). Can you see
where the argument of Example breaks down? This is Task

Remark 7.3.8. In a nutshell, we can shrink a closed interval to a closed interval which
has as small a strictly positive length as we wish, but not to a point.
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Example 7.3.9. Let the open interval |—1, 1] be equipped with the subspace topology
O)_1,1[ with respect to (R, Og).

-1 1

Then (]—1, 1], (’)}_1,1[) is homeomorphic to (R, Ogr). Intuitively, think a cylindrical piece
of dough. The dough can be worked in such a way that the cylinder becomes a longer
and longer piece of spaghetti. We can think of open intervals in topology in a similar
way!

With dough, our piece of spaghetti would eventually snap, but the mathematical
dough of which an open interval is made can be stretched as much as we like, to the
end of time! If we ‘wait long enough’, our mathematical piece of spaghetti will be longer
than the distance between any pair of real numbers! A way to visualise this is depicted
below.

To be rigorous, the map

S

|-1,1] R

given by t — 1%“‘ is a homeomorphism. For the following hold.

(1) We have that f is continuous. To prove this is the topic of Task [E7.2.4
(2) Let

9
R

]_171[

be the map given by t — ﬁ‘t' We have that ¢ is continuous. To prove this is
the topic of Task Moreover we have that ¢ (f(t)) =t for all t € |—1, 1], so
that g o f = idj_; ;. In addition we have that f (g(t)) = t for all ¢ € R, so that
fog=idg. To prove the last two statements is the topic of Task [E7.2.6]
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7.3 Geometric examples of homeomorphisms

Example 7.3.10. Suppose that a and b belong to R, and that a < b. Let O}, denote
the subspace topology on |a, b[ with respect to (R, Og).

@ —_——
ST

By Example Example @l and Remark we have that (Ja,b[, Oqp[) is
homeomorphic to (R, Or). Following the technique described in Remark we use the
homeomorphisms of Example and Example to construct a homeomorphism
from (Ja, b[, Opap) to (R, Or) in two steps.

) &
AN

Example 7.3.11. Let ag, bo, (), b, € R be such that ay < by and af, < b,. Let Xy be
the ‘open rectangle’ given by ]ag, bo[ x ]ay, b [, equipped with the subspace topology Ox,
with respect to (R?, Op2).

by

ao bo

Let aq,b1,a],b] € R be such that a; < by and o} < ). Let X; be the ‘open rectangle’
given by |ai, b1 x ]a),b}[, equipped with the subspace topology Ox, with respect to
(R, Ops2).
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!
ay

a1 by

By Example|7.3.4} we have that (Jao, bo[, Ojq,,5,[) is homeomorphic to (Ja1,b1[, O, p1(),
and that <]a6, ol (9]% %[) is homeomorphic to (]a’l, b’l[,O] [) By Task [E7.1.14] we
deduce that (Xo, Ox,) is homeomorphic to (X1, Ox, ).

Example 7.3.12. Let ag, by, af, b, € R be such that ay < by and af < bf. Let X be the

‘closed rectangle’ given by [ag, bo] X [af, bp], equipped with the subspace topology Ox,
with respect to (R?, Ope).

! /
al,b}

by

Qo bo
Let ay,by,a,b) € R be such that a1 < by and a} < b|. Let X; be the ‘closed rectangle’

given by [a1,b1] X [a},b]], equipped with the subspace topology Ox, with respect to
(R%, Op2).

ai bl

By Example|7.3.6, we have that ([ao, bo] , Ofq,,,]) is homeomorphic to ([a1,b1], Ojq, 411,
[). By Task [E7.1.14, we

and that <[a6, 0] ’O[ag,b()]) is homeomorphic to ([a’l, 4 ,(9]
deduce that (Xo, Ox,) is homeomorphic to (X1, Ox, ).

! /
al,b}
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7.3 Geometric examples of homeomorphisms

Remark 7.3.13. As in Remark[7.3.7 it is crucial in Example[7.3.12]that the inequalities
are strict. For instance, let a,a(,b, € R be such that af; < bj. Let X be the line
{a} x [a}, by], equipped with the subspace topology Ox, with respect to (R?, Opz).

(a,bp)

(@, ap)

Let aq, b1, a), b} € R be such that a; < b; and @} < b}. Let X; be the ‘closed rectangle’
given by [a1,b1] X [a},b}], equipped with the subspace topology Ox, with respect to
(R27 ORQ)'

ay b1

Then (Xo,Ox,) is not homeomorphic to (X1,Ox,). We cannot prove this yet, but we
shall be able to soon, after we have studied connectedness.

Example 7.3.14. Let X be the square depicted below, consisting of just the four lines,
with no ‘inside’.

(_2v 2) (2’ 2)

(—2,-2) (2,-2)

In other words, X is given by

({=2,2} x [-2,2)) U([-2,2] x {-2,2}).
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Let Ox denote the subspace topology on X with respect to (R?, Og2). Then (X, Oy) is
homeomorphic to the circle (S, Og1).

A way to construct a homeomorphism
f
Sl —— X

is to send each x € S' to the unique y € X such that y = kx, where k¥ € R has the
property that & > 0. To rigorously write down the details is the topic of Task [E7.2.7]

'\C) /
/ ! \
Remark 7.3.15. Think of a circular piece of string on a table. Even without stretching
it, you could manipulate it so that it becomes a square!

Example 7.3.16. A similar argument to that of Example demonstrates that the

unit disc (D2, Ops2)

is homeomorphic to the unit square (12, 0;2)

To prove this is the topic of Task
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7.3 Geometric examples of homeomorphisms

Example 7.3.17. Let Y denote the union of the set
{(x,y)€R2 | -1 <2 <0 and |y| =1+:c}

and the set
{(@,y) eR*[0<z<land|y=1-2z}.

Let Oy denote the subspace topology on Y with respect to (R?, Og2).

Then (Y, Oy) is homeomorphic to the circle (S, Og1).

A way to construct a homeomorphism
f
Yy —— ¢t

is to send each (x,70) € Y to the unique (z,y;) € S! such that y; = kyo, where k € R

has the property that £ > 0. To rigorously write down the details is the topic of Task
??

Remark 7.3.18. By Remark [E7.1.11 we have that the topological space (X, Ox) of

Example [7.3.14] is homeomorphic to the topological space (Y,Oy) of Example [7.3.17
since both are homeomorphic to (S!,Og1). To prove this in a different way is the topic

of Task [(.3.17
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Example 7.3.19. Let X be a ‘blob’ in R?, equipped with the subspace topology Ox
with respect to (R?, Op2).

Then (X, Ox) is homeomorphic to the unit square (12, O2). If X were made of dough,
it would be possible to knead it to obtain a square! To rigorously prove that (X, Ox) is
homeomorphic to (12, O;2) is the topic of Task ?7?.

Remark 7.3.20. In Task ??, we shall not explicitly describe a subset of R? such as
the ‘blob’ above. We shall work a little more abstractly, with subsets of R? which can
be ‘cut into star shaped pieces’. Here ‘star shaped’ has a technical meaning, discussed
before Task ?7.
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E7 Exercises for Lecture 7

E7.1 Exam questions

Task E7.1.1. Let X = {a, b, c,d} be a set with four elements. Let Ox be the topology
on X given by

{0,{a},{c}, {d},{a,b},{a,c}, {a,d}, {c,d},{a,b,c}, {a,b,d}, {a,c,d}, X}.

Let Y ={1,2,3,4} be a set with four elements. Let Oz be the topology on Z given by

{042}, {3}.{2,3},{1,3,4}, Z} .
Let

¥ S

Y

be the map given by a +— 3, b+— 1, ¢ — 2, and d — 4. Is f a homeomorphism?

Task E7.1.2. Let X = {a,b,c} be a set with three elements. Let Ox be the topology
on X given by

{0, {a}, {b,c}, X}.
Let Y = {d’,b'} be a set with two elements. Let Oy be the topology on Y given by
{@, {a'}, Y} .
Let Z ={1,2,...,6} be a set with six elements. Let Oz be the topology on Z given by
{0,{2},{2,5},{1,4},{1,3,4,6},{1,2,4},{1,2,4,5},{1,2,3,4,6}, 7} .
Let X X Y be equipped with the product topology Ox«y. Find a homeomorphism

X xY /

Z.

Task E7.1.3. Let [0,2[ be equipped with the subspace topology O o with respect to
(R, OR).
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Let ]3,4] be equipped with the subspace topology Oj3 4) with respect to (R, Og).

Prove that ([0, 2[, 0[072[) is homeomorphic to (]3, 4] ,(’)]3’4]).

Task E7.1.4. Suppose that a and b belong to R, and that a < b. Suppose that a’, b’ € R,
and that a’ < ¥'. Let O, [ be the subspace topology on [a, b[ with respect to (R, Og).

Let Oy [ be the subspace topology on ]a', V'] with respect to (R, Og).

I I
a’ b

Generalise your argument from Task [E7.1.3|to prove that ([a, b, O[a,b[) is homeomorphic
to (]a’, b,] s O}al,b]) .

Task E7.1.5. Suppose that a belongs to R. Let O}, o denote the subspace topology
on |a, oo[ with respect to (R, Og).

Prove that (]Ja,00[, Oy o) is homeomorphic to (R, Og). You may wish to proceed as
follows.

(1) Let
10, 1] —— Ja, o0

be the map given by z + a + $Z.. Demonstrate that f is a homeomorphism. You

may wish to appeal to Task [£5.3.15
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(2) By Task [E7.3.2 deduce that there is a homeomorphism

la, co] — 10, 1].

By Example there is a homeomorphism

10, 1] R.

By Task conclude that there is a homeomorphism

la, o[ R.

Task E7.1.6. Suppose that b belongs to R. Let O)_ | denote the subspace topology
on |—o0, b[ with respect to (R, Og).

Prove that (]—o00,b[, O]_ p|) is homeomorphic to (R, Og).
Task E7.1.7. Let k € R, and let ¢ € R. Let L . be the set given by
{(:L‘,y) c R? | y:kx—l—c}.

Let O, denote the subspace topology on Ly . with respect to (R2, Og2).

Prove that (Ly, O, ) is homeomorphic to (R, Og).

Task E7.1.8. Let k£ € R, and let ¢ € R. Let a,b € R be such that a < b. Let Lgféb} be
the set given by
{(z,y) eR* |y =ka+cand a <z <b}.

Let O, ;) denote the subspace topology on LLa;:b] with respect to (R?, Op2).

[a,b
Lk,c
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Prove that (LLa;b], OL[a,b]) is homeomorphic to (I,Or). You may quote without proof
? k,c

anything from the lectures, and any of the other tasks.

Task E7.1.9. Find an intuitive argument to demonstrate that the cylinder (S! x
I,05141)

is homeomorphic to an annulus (A, 04, ), where 0 < k < 1.

Can you find a way to give a rigorous proof, along the lines of your intuitive argument?

Task E7.1.10. Let (X,0x), (Y,0Oy), and (Z,Oz) be topological spaces. Let

x—ty
and
y -
be homeomorphisms. Prove that
fiofo

is a homeomorphism.
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Remark E7.1.11. Together with Task |[E7.3.2] it follows that if any two of (X, Ox),
(Y,Oy), and (Z,0z) are homeomorphic, then each is homeomorphic to the other two.

Remark E7.1.12. In other words, the relation on the set of topological spaces given
by (Xo, Ox,) ~ (X1, 0x,) if (Xo, Ox,) is homeomorphic to (X1, Ox,) is an equivalence
relation.

Remark E7.1.13. If it worries you, we do have to be careful about how we make sense
of something as large as the set of topological spaces. This is a foundational matter
which can be addressed in many different ways, and which we can harmlessly ignore!

Task E7.1.14. Let (Xo,Ox,), (X1,0x,), (Yo, Oy,), and (Y71, Oy, ) be topological spaces.
Let

and

be homeomorphisms. Prove that the map

Jox f1

X0><X1 YbXYl

given by (xo,x1) — (fo(xo), f1(z1)) is a homeomorphism.
Definition E7.1.15. Let (X,Ox) and (Y, Oy) be topological spaces. A map

f
X ——Y

is open if, for every subset U of X which belongs to Ox, we have that f(U) belongs to
Oy.
Task E7.1.16. Let (X,Ox) and (Y, Oy) be topological spaces. Let

X S

Y

be a homeomorphism. Prove that f is open.
Definition E7.1.17. Let (X,Ox) and (Y, Oy) be topological spaces. A map

¥ S

Y

is closed if, for every subset V of X which is closed with respect to Ox, we have that
f(V) is closed with respect to Oy.
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Task E7.1.18. Let (X,Ox) and (Y, Oy) be topological spaces. Let

be a homeomorphism. Prove

is closed.
Task E7.1.19. Let (X,Ox) and (Y, Oy) be topological spaces. Suppose that

f
X——Y

is a homeomorphism. Let A be a subset of X. Let A be equipped with the subspace
topology O4 with respect to (X, Ox). Let f(A) be equipped with the subspace topology
O(a) with respect to (Y, Oy). Prove that (A4, 04) is homeomorphic to (f(A), Oy(a)).

Task E7.1.20. Let (X,Ox) and (Y, Oy) be topological spaces. Suppose that

f
X ——Y

is a homeomorphism. Let A be a subset of X. Let X \ A be equipped with the subspace
topology Ox\ 4 with respect to (X,Ox). Let Y\ f(A) be equipped with the subspace

topology with respect to (Y,Oy). Deduce from Task that (X \ 4, OX\A) is
homeomorphic to (Y \ f(4), Oy\f(A)).
E7.2 In the lecture notes

Task E7.2.1. Let X and Y be sets. Prove that a map

¥ S

Y

is bijective in the sense of Definition if and only if it is both injective and surjective.

Task E7.2.2. Let X = {2z} be a set with one element. Let Y be a set with at least two
elements. Why can there not be a bijective map between X and Y? This was appealed

to in Task [.3.7.

Task E7.2.3. In the notation of Example where does the analogue of the argument
of Example for closed intervals break down if we assume that a = b7
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Task E7.2.4. Prove that the map

L1 — R
given by t — 1%“‘ is continuous. You may wish to proceed as follows.
(1) Prove that the map
-1,1] . R

given by ¢t — 1 — |t| is continuous. For this, you may wish to express g; as a
composition of maps, allowing you to deduce continuity from Task |E25.3.3and from
Task [E5.3.14

(2) Taking go to be the inclusion map

]_171[

R

and g1 to be the map of (1), deduce the continuity of f from Proposition m (1),
and Task [E5.3.101

Task E7.2.5. Prove that the map

R—1—1]-1,1]
given by t — ﬁlt\ is continuous. You may wish to proceed in a similar way as in Task
Task E7.2.6. Let

L1 — R
be the map of Task Let

R—L1]-1,1]

be the map of Task [E7.2.50 Prove that for all ¢t € |—1, 1] we have that g (f(¢)) = t, and
that for all t € R we have that f (g(t)) = t.

Task E7.2.7. Let X be the square of Example given by

({—2,2} x [-2,2]) U([-2,2] x {—2,2}).
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<*2772) (23 72)

Let Ox denote the subspace topology on X with respect to (R?, Og2). Construct a
homeomorphism

51*f>X

in the manner indicated in Example [7.3.14

You may wish to proceed as follows.

(1) Let Aeast be the subset of S given by

V)

{(:L’,y)651|x>0and—i§y§ 1.}.

Let Aeast be equipped with the subspace topology with respect to (S*, Og1). Let
Beast be the subset of X given by

{(2,y) eR?*| —2<y<2}.
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Let Beast be equipped with the subspace topology with respect to (X, Ox). Prove
that the map

feast

Aeast Beast

given by (z,y) — (2, QI—y) is continuous. Quote any tasks which you appeal to.

(2) Prove that the map

geast

Beast

Aeast

given by (z,y) — ”(le)u(x,y) is continuous. In particular, quote any tasks which

you appeal to.

(3) Verify that geast © feast = 1d ..., and that feast © geast = idp,..,. Conclude that feast
is a homeomorphism.

(4) Let Ayest be the subset of S! given by

)
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Let Awest be equipped with the subspace topology with respect to (S, Og1). Let
Byest be the subset of X given by

{(-2,y) eR*| —2<y <2}

Let Byest be equipped with the subspace topology with respect to (X, Ox). As in
(1) = (3), prove that the map

f west
Awest

B west

given by (z,y) (—2, %) is a homeomorphism. Quote any tasks which you appeal

to.

5) Let Aporth be the subset of S given b
g Y

{(w,y)esl\y>0and—i§x§i}.

VRN

Let Anorth be equipped with the subspace topology with respect to (S!,Og1). Let
Bhiorth be the subset of X given by

{(z,2) eR? | -2 <z < 2}.
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E7.2 In the lecture notes

Let Bhorth be equipped with the subspace topology with respect to (X, Ox). Along
the lines of (1) — (3), prove that the map

fnorth

Anorth Bnorth

given by (z,y) — (%x, 2> is a homeomorphism. Quote any tasks which you appeal
to.

VRN

6) Let Acouth be the subset of St given b
g Yy

{($,y)651\y<0and—i§x§i}.

[\

~_

Let Anoth be equipped with the subspace topology with respect to (S!,0g1). Let
Bhorth be the subset of X given by

{(z,2) eR? | -2 <z < 2}.

Let Bsouth be equipped with the subspace topology with respect to (X, Ox). Along
the lines of (1) — (3), prove that the map

fsouth

Asouth Bsouth

given by (z,y) — (%‘T, — ) is a homeomorphism. Quote any tasks which you appeal

to.
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(7) Appeal to Task [E7.3.6| three times to build a homeomorphism
Sl —— X

from the homeomorphisms feast, fsouth, fwest, and frorth-

Task E7.2.8. Let X be the subset [—2,2] x [~2,2] of R?, equipped with the subspace
topology Ox with respect to (R?, Op2).

(_27 2)

(_27 _2)

Construct a homeomorphism

D2L’X

You may wish to proceed by adapting your argument from Task in the following
manner.

(1) Let Aeast be the subset of D? given by

{(m,y)€D2]m>0and— <

3

Si-

1
7§§y

Let Aeast be equipped with the subspace topology with respect to (D2, Ops2). Let
Beast be the subset of X given by

=

{(x,y)€X|x>Oand—\/L§§y§
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Let Beast be equipped with the subspace topology with respect to (X, Ox). Prove
that the map

f east
Aea st

Beast

given by (z,y) — 2 ,2—y is a homeomorphism. Quote any tasks which you
@yl =

appeal to.

(2) Modify (4) — (6) of Task [E7.2.7|in a similar way.

(3) Let D*\{0} be equipped with the subspace topology Op2\ {0} With respect to (D%, Op2).
Let X \ {0} be equipped with the subspace topology Ox\ (o} with respect to (X, Ox).
Appeal to Task three times to build a homeomorphism

D2 {0} —— x\ o)

from the homeomorphisms feast, fsouths fwest, and fnorth Of (1) and (2).
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k
N

(4) By Task [E7.3.9, deduce that the homeomorphism f of (3) gives rise to a homeomor-
phism

D? — X.

Task E7.2.9. Prove that (D? Op2) is homeomorphic to (12, 0;2). You may wish to
appeal to Task [E7.2.8] Example [7.3.12] and Task [E7.1.10
E7.3 For a deeper understanding

Task E7.3.1. Let (X,Ox) and (Y, Oy) be topological spaces. Prove that a map

¥ f

Y

is a homeomorphism if and only if f is bijective, continuous, and open.

Task E7.3.2. Let (X,Ox) and (Y, Oy) be topological spaces. Let
f
X —Y

be a homeomorphism. By definition of a homeomorphism, there is a continuous map

g
Y —X

such that go f = idx and f o g = idy. Prove that g is a homeomorphism.

Task E7.3.3. Let (X,0x) and (Y,Oy) be homeomorphic topological spaces. Prove
that there is a bijection between Ox and Oy.

Remark E7.3.4. In particular, if X and Y are finite sets such that Ox has a different
cardinality to Oy, then (X, Ox) cannot be homeomorphic to (Y, Oy).

Task E7.3.5. Let (X,Ox) and (Y, Oy) be topological spaces. Let {4;},.; be a set of
subsets of X such that X = UjeJ Aj. For every j € J, let A; be equipped with the
subspace topology with respect to (X, Ox). Suppose that the following hold.
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E7.3 For a deeper understanding
(1) For all jo and j; which belong to J, the restriction of fj, to Aj, N Aj, is equal to
the restriction of f; to A; N Aj,.
(2) We have that A; belongs to Ox for every j which belongs to J.

(3) For every j which belongs to J, we have a continuous map

4, fi

such that the map

!

fj
ey f(45)

given by « — f;(x) is a homeomorphism, where f(A;) is equipped with the subspace
topology with respect to (Y, Oy).

(4) Let

f
X——Y

denote the map of Notation [E5.3.22| corresponding to the maps {f; }j cj Suppose
that f is bijective.

Prove that f is a homeomorphism. You may wish to proceed as follows.

(1) By (1) of Task [E5.3.23] observe that f is continuous.

(2) Suppose that j belongs to J. Since f]’- is a homeomorphism, there is a continuous

map

such that g} o f; = ida; and f} o g; = ids(4;). Let

f(4)) —— X
. p : .
be the map given by y +— gj(y). By Task [E5.1.10}, observe that g; is continuous.
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(3) Suppose that jo and j; belong to J. We have that
Fio(Ajo) 0 f5: (Azy) = f(Ajp) N f(Ag)-
Since f is bijective, we have that
F(Azo) 0 f(Ajy) = f(Ajo N Ajy).
By definition of f, we have that
F(Ajo N Ajy) = fio(Ajo N Ajy)

and that
f(Ajs N A;) = fi(Aj, N Aj).

Thus we have that

Fio(Ajo) 0 f5:(Ajy) = Fio(Ajo N Ajy)
and that

Fio(Ajo) O f5: (Ajy) = Fiu (Ajy N A, ).
Deduce that the restriction of gj;, to fj,(A4j,) N fj1(Aj,) is equal to the restriction
of gjo to fjo(Ajo) N f51(Ajy). Let

g
Y —X

be the map of Notation [£5.3.22| corresponding to the maps {gj}jeJ‘
(4) By Task [E7.1.16} observe that f;(A;) belongs to Oy.
(5) By (1) of Task [E5.3.23] deduce from (2) and (4) that g is continuous.

(6) Observe that go f =idx, and that f o g = idy.

Task E7.3.6. Let (X,0x), (Y,0y), {Aj}j€J7 {fj}jes, and f be as in Task |E_7._?!>1._57
except that instead of assuming that A; belongs to Ox for every j € J, suppose that
{A;}jecs is locally finite with respect to Oy, and that A; is closed with respect to Ox
for every j € J. Suppose that {f (Aj)}j ¢ 18 locally finite with respect to Oy. Prove
that f is a homeomorphism. You may wish to proceed as follows.

(1) By (2) of Task [E5.3.23] observe that f is continuous.
(2) Define

f(45)

as in (2) of Task [E7.3.5] By Task [E5.1.10| observe that g; is continuous.

138



E7.3 For a deeper understanding
(3) As in (3) of Task [E7.3.5 demonstrate that the restriction of gj, to fj,(A4j,) N
fi (4;,) is equal to the restriction of gj, to fj,(A4j,) N fj, (A4;,). Let

g
Y —X

be the map of Notation [E5.3.22| corresponding to the maps {gj}jeJ'
(4) By Task [E7.1.18] observe that f;(A;) is closed in Y with respect to Oy-.

(5) By (2) of Task|E5.3.23] deduce from (2), (4), and our assumption that {f(A4;)}
is locally finite with respect to Oy, that g is continuous.

jeJ

(6) Asin (6) of Task [E7.3.5] observe that g o f = idx, and that fog = idy.

Task E7.3.7. Let Oj ;[ be the subspace topology on [0, 1] with respect to (R, Og).

Let

[O> 1[ L’ St

be the map given by ¢ +— ¢(t), where

R

is the map of Task

Prove that f is a continuous bijection. Find a set {A;},_; of subsets of [0, 1] with the
following properties.

(1) We have that {Aj}jej is locally finite with respect to O 1.

(2) For every j which belongs to J, we have that A; is closed in [0, 1[ with respect to
0[071[.
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(3) Suppose that j belongs to J. Let A; be equipped with the subspace topology with
respect to ([0, 1[,(9[071[). Let f(A;) be equipped with the subspace topology with
respect to (Sl, (’)51). Then the map

i

Aj f(45)

given by ¢t — f(t) is a homeomorphism.

(4) We have that {f(A;)},c; is not locally finite.

Remark E7.3.8. In Task([E11.3.2] you are asked to prove that f is not homeomorphism.

Task E7.3.9. Let (X,Ox) and (Y, Oy) be topological spaces. Suppose that z belongs
to X, and that {z} is closed in X with respect to Ox. Let X \ {z} be equipped with
the subspace topology Ox\ (3 With respect to (X, Ox). Let

¥ S

Y

be a bijective map. Let Y\ f(z) be equipped with the subspace topology Oy ff(z)} with
respect to (Y, Oy). Suppose that the map

X\ {z} —L— v\ {f(2)}

given by 2/ — f(2') is a homeomorphism. Prove that f is a homeomorphism. You may

wish to appeal to Task [E5.3.29

Task E7.3.10. As in Example let ~ be the equivalence relation on I generated
by 0 ~ 1.

Prove that (I/~,0y,.) is homeomorphic to (S*, Og1).

You may wish to proceed as follows.
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E7.3 For a deeper understanding

(1) Let
/
I—— gt

be the map given by ¢ — ¢(¢), where

R

Sl

is the map of Notation [E5.3.26] By Task [£5.3.27| and Task [E5.2.3| observe that ¢’

is continuous.

(2) Observe that ¢/(0) = ¢'(1). By Task [E6.2.7, deduce that the map
I/N _— Sl

given by [t] — ¢/(t) is continuous.
(3) Let Ag be the set given by
{(z,y) € Sz >0} .

Let Ag be equipped with the subspace topology with respect to (S*, Og1). Appealing

to Task [E2.3.1] Proposition [5.4.3] Task [E5.3.14] and Proposition [5.3.1] observe that

the map

AO I

given by (z,y) — —% + i is continuous.

(4) Let

IL)I/N
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denote the quotient map. By Remark and Proposition deduce from (3)
that the map

Ao =2 1/

given by (z,y) — [-¥ + 1] is continuous.
(5) Let A; be the set given by
{(z,y) € S' |z <0}.

Let A; be equipped with the subspace topology with respect to (S*, Og1). Appealing
to Task Proposition and Task observe that the map

A —— 1T

given by (z,y) — § + % is continuous.
(6) By Remark and Proposition deduce from (5) that the map

g1

A= e
given by (z,y) — [4 + 3] is continuous.
(7) Let
Sl i, I/N

denote the map given by

(z,y) — go(z,y) 1if (x,y) belongs to Ay,
7 g1(z,y) if (z,y) belongs to Aj.

By (2) of Task [E5.3.23] deduce from (4) and (6) that ¢ is continuous.
(8) Observe that go f =id;;., and that f og = idg.

(9) Conclude by (2), (7), and (8) that f is a homeomorphism.
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E7.4 Exploration — torus knots

Task E7.4.1. Let K be the subset of T2 of Task [£6.3.1]

0,00 (3,00 (3,0

Let m(K) be equipped with the subspace topology Oy k) with respect to (T2, Op2).
Prove that (m(K), Oy k)) is homeomorphic to (S*, Og1).
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