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9 Monday 3rd February

0.1 A local characterisation of closed sets

Proposition 9.1.1. Let (X, Ox) be a topological space. Let V' be a subset of X. Then
V' is closed with respect to Ox if and only if cl x,0,) (V) is V.

Proof. Suppose first that V is closed with respect to Ox. Suppose that x does not
belong to V. We make the following observations.

(1) By definition of X \ V, we have that x belongs to X \ V. Moreover, since V' is
closed with respect to Ox, we have that X \ V belongs to Ox. In other words,
X \ V is a neighbourhood of x in X with respect to Ox.

(2) By definition of X \ V' once more, we have that V' N (X \ V) is empty.

Together (1) and (2) establish that  is not a limit point of V' in X with respect to Ox,
for any = which does not belong to V. We conclude that clx o) (V) is V.

Suppose now that cl(x,0,) (V) is V. Suppose that z € X does not belong to V. By
definition of clx o) (V), we have that x is not a limit point of V' in X with respect to
Ox. By definition of a limit point, we deduce that there is a neighbourhood U, of x
such that V N U, is empty. We make the following observations.

(1) We have that
xX\v= {J {=}.

zeX\V

We also have that = belongs to U, for every z € X \ V, or, in other words, that {z}
is a subset of U for every # € X \ V. Thus we have that J,c y\y {2} is a subset of
Uzex\v Uz We deduce that X \ V' is a subset of [, x\y Us-

(2) We have that
vl U te]= UJ vnun).
zeX\V zeX\V
Since V NU, is empty for every x € X \ V, we have that UxeX\V (V NU,) is empty.
We deduce that V' N (UJJEX\V Ux) is empty. In other words, UxeX\V U, is a subset
of X\ V.

(3) Since U, belongs to Ox, for every z € X \ V, and since Ox is a topology on X,
we have that UxeX\V U, belongs to Ox.
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9 Monday 3rd February

By (1) and (2) together, we have that J,cx\y Uz = X \ V. By (3), we deduce that
X \ V belongs to Ox. Thus V is closed with respect to Ox. O

Remark 9.1.2. We now, by Proposition have two ways to understand closed sets.
The first is ‘global’ in nature: that X \ V belongs to Ox. The second is ‘local’ in nature:
that every limit point of V belongs to V.

For certain purposes in mathematics it can be appropriate to work ‘locally’, whilst
for others it can be appropriate to work ‘globally’. To know that ‘local’ and ‘global’
variants of a particular mathematical concept coincide allows us to move backwards and
forwards between these points of view. This is often a very powerful technique.

9.2 Boundary

Definition 9.2.1. Let (X,Ox) be a topological space. Let A be a subset of X. The
boundary of A in X with respect to Ox is the set of x € X such that, for every neigh-
bourhood U of x in X with respect to Ox, there is an a € U which belongs to A, and
there is a y € U which belongs to X \ A.

Notation 9.2.2. Let (X, Ox) be a topological space. Let A be a subset of X. We shall
denote the boundary of A in X with respect to Ox by J(x 04)4.

Remark 9.2.3. Suppose that z € X belongs to 9 x,0,)A. Then z is a limit point of A
in X with respect to Ox.

Remark 9.2.4. Let x be a limit point of A which does not belong to A. Then x belongs
to 0<X70X)A.

However, as we shall see in Example [9.3.1] it is not necessarily the case that if a
belongs to A, then a belongs to J(x,0,)A. In particular, not every limit point of A
belongs to 0 x,0)A-

9.3 Boundary in a finite example

Example 9.3.1. , Let X = {a,b,c,d,e} be a set with five elements. Let Ox be the
topology on X given by

{0,{a},{b},{a,b},{b,e},{c,d},{a,b,e},{a,c,d},{b,c,d},{a,b,c,d},{b,c,d, e}, X}.

Let A = {b,d}. The neighbourhoods in X with respect to Ox of each of the elements
of A are listed in a table in Example To determine J(x o)A, we check, for each
element of A, whether each of its neighbourhoods both contain either a, ¢, or e, and

contain either b or d. We determined the limit points of A in X with respect to Ox in
Example which saves us a little work.
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9.4 Geometric examples of boundary

Element Belongs to Jx,0,)A? Reason

a X Not a limit point.

b X The neighbourhood {b} does not contain any
element of X \ A.

c v Limit point which does not belong to A.

d v Every neighbourhood of d contains both ¢ and

d. We have that d belongs to A, and that ¢
belongs to X \ A.
e v Limit point which does not belong to A.

Thus 0 x,0)A = {c, d, e}.

9.4 Geometric examples of boundary

Example 9.4.1. Let (X,Ox) be (R, Or). Let A=1[0,1].

By Example we have that 1 is a limit point of [0, 1] in R with respect to Or which
does not belong to [0, 1[. Thus 1 belongs to d(g o) [0, 1[. By Example ??, we have that
all other limit points of [0,1[ in R with respect to Or belong to [0,1]. To determine
Ow,0p) [0, 1[, it therefore remains to check which elements of [0, 1] have the property
that each of their neighbourhoods contains at least one element of R\ [0, 1].

Let U be a neighbourhood of 0 in R with respect to Or. By definition of Og, there is
an open interval ]a, b[ such that a < 0 < b, and which is a subset of U.

There is an z € R such that a < z < 0. In particular, z belongs to R\ [0, 1].

1 [
] L

Cor
a x 0 b 1
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9 Monday 3rd February

Since ]a,0[ is a subset of |a,b[, and since |a, b is a subset of U, we also have that x
belongs to U. This proves that if U is a neighbourhood of 0 in R with respect to Og,
then (R \ [0, 1[) NU is not empty. Thus 0 belongs to dg oy) [0, 1[.

Suppose now that 0 < z < 1.

[ Y p—
8
—_ =

Let 0 < € <min{z,1 —x}. Then |x — €,z + €[ is a neighbourhood of x in R with respect
to Og, and (R\ [0,1]) N ]z — €,x + €[ is empty.

I —

| | |
xr — € x xr -+ €

[ Q= p—
— =

Thus = does not belong to dg,e,) [0, 1[. We conclude that O o, [0,1[ is {0,1}.

Example 9.4.2. Let (X, Ox) be (R?, Og2). Let A = D2

Suppose that (z,y) belongs to R?\ D2.

Let € € R be such that
0<e< @y -1
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9.4 Geometric examples of boundary

Let U, be the open interval given by
V2 V2
}f—%ﬂx+%{'
Let U, be the open interval given by
Jy— 2.y 22,

Then U, x Uy is a neighbourhood of (z,y) in R? whose intersection with D? is empty.

This can be proven by the same argument as is needed to carry out Task [E8:2.4] Thus
(x,%) is not a limit point of D? in R? with respect to Og2. In particular, (x,%) does not
belong to 8(R270R2)D2.

Suppose now that (x,y) € R? has the property that ||(x, )| < 1.

Let € € R be such that
0<e<1—|(zyl-

Let U, be the open interval given by
o=,

Let U, be the open interval given by
Ju—o2y+ 2.

Then U, x U, is a neighbourhood of (z,y) in R? whose intersection with D? is empty.
To check this is Task [E9.2.21
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In other words, (R? \ D*)N(U, x Uy) is empty. Thus (z, y) does not belong to 8(R2’OR2)D2.
Suppose now that ||(z,y)|| = 1. In other words, we have that (z,y) belongs to S*.

(z,y)

Every neighbourhood of (x,%) in R? with respect to Op2 contains an ‘open rectangle’ U
to which (x,%) belongs. Both D?> N U and (R2 \ DQ) N U are not empty.

Thus (z,y) belongs to 6(R27@R2)D2. To fill in the details of this argument is the topic of
Task [£9.2.4 We conclude that 8(R27OR2)D2 is St

Example 9.4.3. Let (X,Ox) be (R?, Ogs). Let A = I2.

Then Oz 0, ,)1 2 is the ‘border around I?’.
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9.4 Geometric examples of boundary

In other words, 8(R2,OR2)I2 is ({0,1} x I) U (I x {0,1}). To prove this is the topic of
Task [£9.2.3

Example 9.4.4. Let (X,Ox) be (R%, Og2). Let A be an annulus Ay, for some k& € R
with 0 < k < 1, as in Notation [4.1.17]

Then 8(R2,0R2)Ak is the union of the outer and the inner circle of Ax. In other words,
the union of the set

{@y) eR? | |[(z,9)] =1}
and the set
{(@.y) € B[ (.9)] = k}.

To prove this is the topic of Task [£9.2.5 Suppose, for instance, that (x,y) € R? belongs
to the inner circle of Ay.
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Every neighourhood of (z,y) contains an ‘open rectangle’ around (z,y) which overlaps
both Aj, and the open disc which we can think of as having been cut out from D? to

obtain Aj.

Example 9.4.5. Let (X,Ox) be (D?,Op2). Let A be an annulus A as in Example
9.4.4

Then 9 D2,0D2)Ak is the inner circle of Ay.

To prove this is the topic of Task In particular if (z,y) € S' then, unlike in
Example (7,y) does not belong to D2’0D2)Ak. For there is a neighbourhood of
(x,7) in D? with respect to Op2 which does not overlap D? \ Ay, the open disc which
we can think of as having cut out of D? to obtain Ay.
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9.4 Geometric examples of boundary

Example and Example demonstrate that given a set A, and a topological
space (X, Ox) such that A is a subset of X, the boundary of A in X with respect
to Ox depends upon (X, Ox). The next examples illustrate this further.

Example 9.4.6. Let (X, Oyx) be (R?, Op2). Let T denote the subset of R? given by the
union of

{0,y)[0<y <1}

and
{(z,1) | -1 <z <1}.

Then OxT is T. We have that T2 is closed in R%2. To prove this is the topic of Task
[£9.2.7, Thus every limit point of T? belongs to T. Suppose that (z,y) belongs to T.

(z,y)

Then the intersection with R? \ T of every neighbourhood of (x,%) in R? is not empty.
To prove this is the topic of Task

Example 9.4.7. Let X be the subset of R? given by the union of

{0,y) | -1<y <2}

and
{(z,1) | =2 <z < 2}.
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Let Oy denote the subspace topology on X with respect to (R?, Og2). Let T be as in

Example [9.4.6]

Then dx 04T is {(~1,1),(0,1), (1,1), (0,0)}.

Every neighbourhood of each of these four points contains both a segment of X \ T and
a segment of T. A typical neighbourhood of (—1, 1), for instance, is the intersection of
an ‘open rectangle’ around (—1,1) in R? with T as depicted below.
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9.4 Geometric examples of boundary

Let (z,y) be a point of T which is not one of these four.

Then we can find a neighbourhood of (z,y) whose intersection with X \ T is empty. For
instance, an intersection of a sufficiently small ‘open rectangle’ around (x,%) in R? with
X.

Suppose that (z,y) € X does not belong to T.
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Then we can find a neighbourhood of (x,y) whose intersection with X \ T is empty. For
instance, an intersection of a sufficiently small ‘open rectangle’ around (x,%) in R? with
X.

To fill in the details of this argument is the topic of Task [E9.2.9]
Example 9.4.8. Let X be the subset of R? given by the union of
{(0,y)[-2<y<1}

and
{(z,1) | =2 <z < 2}.

Let Ox denote the subspace topology on X with respect to (R% Op2). Let T be as in
Example
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9.5 Connected topological spaces

Then a(X,Ox)T is {(_17 1)7 (17 ]-)7 (07 O)}

In particular (0,1) does not belong to d(x,0,)T, unlike in Example We can find a
neighbourhood of (0,1) whose intersection with X \ T is empty, such as the intersection
of a sufficiently small ‘open rectangle’ around (0,1) in R? with X.

To give the details of the calculation of Jx,0,)T is the topic of Task [E9.2.10

9.5 Connected topological spaces

Terminology 9.5.1. Let X be a set. Let Xy and X; be subsets of X. The union
Xo U Xj of Xg and X7 is disjoint if Xo N X7 is the empty set.

Notation 9.5.2. Let X be a set. Let Xy and X7 be subsets of X. If X = XoU X1, and
this union is disjoint, we write X = Xy U X;.

Definition 9.5.3. A topological space (X, Ox) is connected if there do not exist subsets
Xo and X; of X such that the following hold.

(1) Neither Xy nor X; is empty, and both belong to Ox.
(2 We have that X = Xy U X;.
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9.6 An example of a topological space which is not connected

Remark 9.6.1. We shall have to work quite hard to prove that any of our geometric
examples of topological spaces are connected. Instead, we shall begin with some examples
of topological spaces which are not connected.

Example 9.6.2. Let X =[1,2] U [4,7].

Let Ox denote the subspace topology on X with respect to (R, Or). The following hold.

(1) By Example we have that ]0,3[ belongs to Or. We have that [1,2] =
X NJo,3[.

By definition of Ox, we deduce that [1, 2] belongs to Ox.

(2) By Example we have that ]3,8[ belongs to Or. We have that [4,7] =
X N]3,8[.

By definition of Ox, we conclude that [4,7] belongs to Ox.
(3) We have that X = [1,2] U [4, 7], since [1,2] N [4, 7] is empty.
We conclude that (X, Ox) is not connected.

Remark 9.6.3. In (1), we could have chosen instead of |0, 3] any subset of R which
belongs to Or, which does not intersect [4, 7], and of which [1, 2] is a subset. In (2), we
could have chosen instead of |3, 8] any subset of R which belongs to Or, which does not
intersect [1,2], and of which [4, 7] is a subset.
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E9 Exercises for Lecture 9

E9.1 Exam questions

Task E9.1.1. We saw in Example that O op) [0, 1[ is {0, 1}.

[ R p—
_ =

Prove that {0, 1} is also the boundary of each of |0, 1[, ]0, 1], and [0, 1] in R with respect
to O]R.

Task E9.1.2. Let A be the subset of R? given by the union of |0, 1[ x ]0, 1[ and [~1, 0[ x

10, 1].

(1) What is the boundary of A in R? with respect to Op2?

(2) What is the boundary of A in R x |0, oco[, where R x |0, oo is equipped with the
subspace topology with respect to (R?, Oz2)?

(3) Let X be the union of |—00,0[ x R and ]0,00[ x R. Let Ox denote the subspace
topology on X with respect to (R?, Og2). What is the boundary of A in X with
respect to Ox?

Task E9.1.3. Let (X, Ox) be as in Task [E8.1.2l What is the boundary of {a,c} in X
with respect to Ox? What is the boundary of {b,c} in X with respect to Ox? What is
the boundary of {d} in X with respect to Ox?

Task E9.1.4. Let X be the subset of R? which is a ‘solid triangle’.
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Let A be the subset of X depicted below. All of the lines, and the entire shaded area,
belong to A.

In other words, A is obtained from X by cutting out the inside of smaller ‘solid triangle’
inside it. What is 8(R2,@R2)A? What is d(x,0,)A4, where Ox is the subspace topology
on X with respect to (R?, Og2)?

Task E9.1.5. What is the boundary of D? x I in R3 with respect to Ogs?

Give a proof by appealing to Example [9.4.2] Task[E9.1.1] and Task[E9.3.11] What is the
boundary of D? x I in R? x I with respect to Op2,;? What is the boundary of D? x I

in D? x R with respect to Op2yg?

Task E9.1.6 (Continuation exam, August 2013). Let X be a subset of R? as depicted
below. In other words, we have two triangles which ‘meet at their tips’.

Let A be the subset of X obtained by removing the inside of a smaller copy of this shape,
as depicted below. All of the lines, and the entirety of both shaded areas, belong to A.
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E9.1 Exam questions

What is 8(R2,(9R2)A? What is 8(X,OX)A?
Task E9.1.7. What is the boundary of Q in R with respect to Or?

Task E9.1.8. Let A be the subset of D? of Task [ES.1.4l

What is the boundary of A in D? with respect to Op2?

Task E9.1.9. View the letter K as a subset of R2.

For each of the following, find a subset X of R? such that K is a subset of X, and
such that 0 x,0,)K is as described, where Ox denotes the subspace topology on X with
respect to (R?, Ope).

(1) We have that 9x 0,)K consists of the four points depicted below.
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2) We have that Jx K consists of the two points depicted below.
( 7OX)

3) We have that 0 x K consists of the five points depicted below.
( 7OX)

(4) We have that 9(x 0,)K consists of the union of the two lines depicted below.

Task E9.1.10. Let (X, Ox) be a topological space. Explain why 0 x,0,)X is the empty
set.

Task E9.1.11. Let X be the union of D? and [3,4] x ]2, 3[.

Let Ox denote the subspace topology on X with respect to (R2,(9R2). Prove that
(X, Ox) is not connected.
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FE9.2 In the lecture notes

Task E9.1.12. Let X be the subset of I? given by the union of [0, i] X [0, i] and
[2:4] = [3.1].

Let

I? T2

be the quotient map. Let O x) denote the subspace topology on 7(X) with respect to
(T?,Op=2). Prove that (m(X), Ow(X)) is not connected.
E9.2 In the lecture notes

Task E9.2.1. Do the same as in Task for the proof of Proposition [9.1.1
Task E9.2.2. Let (z,y) € R? be such that ||(z,y)| < 1.

Prove that (z,y) does not belong to G(R;ORQ)DQ, following the argument outlined in
Example You may find it helpful to look back at Example [3.2.3]

Task E9.2.3. It was asserted in Example that 8(R27OR2)I 2 s

({0,1} x 1)U (I x {0,1}).

Prove this first as follows, along the lines of Example
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(1) Demonstrate that if (z,y) € R? does not belong to I%, then (x,y) is not a limit
point of I? in R? with respect to Oge.

(2) Demonstrate that if 0 < z < 1 and 0 < y < 1, then there is a neighbourhood U
of (z,y) in R? with respect to Og2 such that (]R2 \ I 2) N U is empty.

(3) Demonstrate that if (z,y) belongs to
({0,1} x ) U (I x{0,1}),

then every neighbourhood U of (z,y) in R? has the property that both I N U and
(R2 \ I 2) N U are not empty.

Give a second proof by appealing to Task [£9.3.11] Give a third proof by appealing to
Task [E7.2.9 and Task [E9.3.12

Task E9.2.4. Let (X,0x) and A be as in Example m Suppose that (z,y) € R?
belongs to S'.

(z,9)

Prove that (z,y) belongs to 8(R2,OR2)D2'

Task E9.2.5. Let A be an annulus Ay, for some k € R with 0 < k < 1, as in Notation
4117

Prove that 8(R27@R2)Ak is the union of the outer and the inner circle of the annulus, as
claimed in Example You may wish to proceed as follows.

(1) Let B be the ‘open disc’ of radius k centred at (0, 0).
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E9.2 In the lecture notes

Demonstrate that dg2 o _,)B is the circle of radius k centred at (0,0).
VR
(2) Observing that Ay is D? \ B, appeal to Example and Task [£9.3.15

Task E9.2.6. Let A be an annulus Ay, for some k € R with 0 < k < 1, as in Notation
[z il

Prove that O(pz o ,)Ak is the inner circle of the annulus, as claimed in Example
You may wish to proceed as follows.

(1) Let B be the ‘open disc’ of radius k centred at (0, 0).

Appealing to (1) of Task nd Task 9 3.13| observe that O p2 o ,)B is the

circle of radms k; centred at

(2) Appeal to Task [E9.1.10{ and Task [E9.3.15

Task E9.2.7. Let T be the subset of R? of Example

Prove that T is closed in R? with respect to Og2. You may wish to proceed as follows.

(1) Observe that T is the union of {0} x [0,1] and [0,1] x {1}.
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(2) Appealing to Task [E3.3.1} observe that {0} x [0, 1] and [0, 1] x {1} are both closed
in R? with respect to Opa.

(3) Appealing to Task [E9.3.5) conclude from (1) and (2) that T is closed in R? with
respect to Opa.

Task E9.2.8. Let T be the subset of R? of Example

Prove that 8(R27@R2)T is T. You may wish to follow the argument outlined in Example
9.4.0)

Task E9.2.9. Let (X,0x) and T be as in Example

Prove that J(x,0,)T is {(~1,1),(0,1),(1,1),(0,0)}. You may wish to follow the argu-
ment outlined in Example

Task E9.2.10. Let (X,Ox) and T be as in Example [9.4.8]

Prove that dix 0,)T is {(=1,1),(1,1),(0,0)}.
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E9.3 For a deeper understanding

E9.3 For a deeper understanding

Task E9.3.1. Let (X,Ox) be a topological space. Let V be a subset of X which is
closed with respect to Ox. Let A be a subset of V. Prove that clx 0, (4) is a subset
of V. You may wish to appeal to Proposition [9.1.1

Task E9.3.2. Let (X,0Ox) be a topological space. Let A be a subset of X. Prove
that clx 0y)(A) is equal to the intersection of all subsets V' of X with the following
properties.

(1) V is closed with respect to Ox.

(2) Ais a subset of V.

You may wish to appeal to Task

Corollary E9.3.3. Let (X, Ox) be a topological space. Let A be a subset of X. Then
clix,0x) (A) is closed.

Proof. Follows immediately from Task and the fact, observed as part of Remark
E1.3.2) that an intersection of (possibly infinitely many) subsets of X which are closed
with respect to Ox is closed with respect to Ox. O

Remark E9.3.4. In other words, clx o) (A) is the smallest subset of X which contains
A, and which is closed with respect to Ox.

Task E9.3.5. Let (X, Ox) be a topological space. Let A and B be subsets of X. Prove
that clx,0,) (AU B) is cl(x,0,) (4) Uclx 0y) (B). Youmay wish to proceed as follows.

(1) By Corollary [£9.3.3} we have cl(x o) (A) and cl(x 0 (B) are closed with respect
to Ox. By Remark [E£1.3.2) we thus have that cl(x,0,)(A) Uclx 0,) (B) is closed
with respect to Ox. Deduce by Task [£9.3.1] that clx 0,) (AU B) is a subset of

Cl(X,OX) (A) @] CI(X,Ox) (B)

(2) Observe that if z € X is a limit point of A or B in X with respect to Ox, then x
is a limit point of AU B in X with respect to Ox.

Task E9.3.6. Let (X,Ox) be a topological space. Let {A;},.; be an infinite set of
subsets of X. Give an example to demonstrate that clx o) (UicrA;) is not necessarily

Uierclx,0y) (Ai)-

Task E9.3.7. Let (X, Ox) be a topological space. Let A and B be subsets of X. Prove
that clx 0,) (AN B) is a subset of cl(x 0, (A) Nclix 0y (B).

Task E9.3.8. Let (X, Ox) be a topological space. Let A and B be subsets of X. Give
an example to demonstrate that cl x o) (4)Nclx o) (B) is not necessarily a subset of
clixox) (AN B). In particular, these sets are not necessarily equal.
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Task E9.3.9. Let (X,Ox) and (Y, Oy) be topological spaces. Let

X

Y

be a map. Prove that f is continuous if and only if for every subset A of X, we have
that f (CI(X@X) (A)) is a subset of cliv,0y) (f(A)). You may wish to proceed as follows.

(1) Suppose that the condition holds. Let V' be a subset of Y which is closed with

respect to Oy . By one of the relations of Table observe that cl(x o) (f_l (V))
is a subset of

FH(f (ixox (1)) -
(2) By hypothesis, we have that f (cl(X@X) (f71(v))) is a subset of
cvoy) (F (F71(V)) -
By one of the relations of Table [A72] deduce that

S (dixox (F7HOD)))

is a subset of

F (voy) (£ (F71))))
(3) By (1) and (2), deduce that clx o) (f71(V)) is a subset of

FH (vioy) (F (F71O0))) -

(4) By one of the relations of Table observe that f (f~!(V)) is a subset of V.
By Task [E8.3.12} deduce that cliy,o, (f (f_l(V))) is a subset of cliy 0, (V).

(5) Since V is closed in Y with respect to Oy, we have by Proposition that
V =cly,0,) (V). By (4), deduce that cliy,0, (f (f71(V))) is a subset of V.

(6) By (5) and one of the relations of Table deduce that f~1 (cliy,0,) (f (f71(V))))
is a subset of f=1(V).

(7) By (3) and (6), deduce that clx o) (f~(V)) is a subset of f~(V).

(8) By Remark [8.5.4] we have that f~!(V) is a subset of clx o) (f~' (V)). By (7),
deduce that cl(x o) (f7H(v))=V.

(9) By Proposition deduce that f~(V) is closed in X with respect to Ox. By
Task ??, conclude that f is continuous.

(10) Conversely, suppose that f is continuous. Suppose that z is a limit point of A in
X with respect to Ox. Let Uy(,) be a neighbourhood of f(x) in Y with respect to
Oy. Since f is continuous, observe that, by Task there is a neighbourhood
U of z in X with respect to Ox such that f(U,) is a subset of Uy(,).
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(11) Since z is a limit point of A in X with respect to Ox, we have that U, N A is not
empty. Thus f(U, N A) is not empty. Since f(Uy N A) is a subset of f(U;) N f(A),
deduce that f(U;) N f(A) is not empty.

(12) Since f(Uz) is a subset of Uy(,), deduce that Use,) N f(A) is not empty.

(13) Conclude that f(z) is a limit point of f(A) in Y with respect to Oy. Thus
[ (clix,0y) (A)) is a subset of cly,0,) (f(A)).

Task E9.3.10. Let (X, Ox) be a topological space. Let A be a subset of X. Prove that
J(x,0x)A is the intersection of clx o) (A4) and cl(x 0, (X \ A).

Task E9.3.11. Let (X,Ox) and (Y, Oy) be topological spaces. Let A be a subset of
X, and let B be a subset of Y. Prove that 0 xxy,0y,,)A X B is the union of

(0ix,0x)4) X cliy,04) (B)

and

clx.0x) (4) X (Ov.0r) B) -
For proving that 0 xxy,0xy)A X B is a subset of this union, you may wish to make use
of one of the set theoretic equalities listed in Remark

Task E9.3.12. Let (X,Ox) and (Y, Oy) be topological spaces. Let

X Y

be a homeomorphism. Let A be a subset of X. Prove that 0(y,0,)f(A) is f (0 (X,0x) A).
You may wish to proceed as follows.

(1) Suppose that y belongs to Jiy,0,)f(A4). Let U be a neighbourhood of y)
in X with respect to Ox. Observe that since f is a homeomophism, f(U) is a
neighbourhood of y in Y with respect to Oy.

(2) We have that

FHEA N ) = AN ).

Since f is a bijection, we have that f~!(f(A4)) = A, and that f~! (f(U)) = U.
Deduce that
LA N FU)) = ANT.

(3) Observe that by (1) and the fact that y belongs to J(y,0,)f(A4), we have that
f(A)N f(U) is not empty. Conclude by means of (2) that ANU is not empty.

(4) We have that

THYNFA)NFU) =Y\ FA))Nf! (f(U))
= (X\ ) N ).

In a similar manner as in (2) and (3), deduce that (X \ A) N U is not empty.
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(5) Observe that (2) and (3) demonstrate that f~!(y) belongs to d(x,0,)A. Conclude
that y belongs to f (0(X70X)A). Thus we have proven that dy,0,)f(A) is a subset

Of f (a(X,OX)A)'

(6) Suppose now that x belongs to d(x 0,)A. Let U be a neighbourhood of f(z) in YV’
with respect to Oy. Observe that then f~1(U) is a neighbourhood of = in X with
respect to Ox.

(7) Since x belongs to J(x o)A, we have that AN f~1U is not empty. Thus

fF(AnfHU))

is not empty. We have that f (A nfYu )) is a subset of

FANfHw).

Since f is a surjection, we also have that f (f_l(U)) = U. Deduce that f(A)NU
is not empty.

(8) Since = belongs to Jix o)A, we have that (X \ A)N f~1U is not empty. Observe
that since f is a bijection, we have that f(X \ A) =Y \ f(A4). In a similar manner
as in (6), deduce that (Y \ f(A)) N U is not empty.

(9) Observe that (7) and (8) demonstrate that f(x) belongs to dy,0,)f(A). Thus we
have proven that f (6(X7@X)A) is a subset of Jy,0,)f(4).

(10) Conclude from (5) and (9) that f (9(x,0)4) is Ov.0,)f(A).

Task E9.3.13. Let (X,Ox) be a topological space. Let A be a subset of X. Let Oy
denote the subspace topology on A with respect to (X,Ox). Let B be a subset of A
which belongs to Ox. Prove that d(4,0,)B is AN x 0,)B. You may wish to proceed
as follows.

(1) By Task [£9.3.10, we have that 04 0,)B is the intersection of cl 4 0,)(B) and
Cl(A,OA) (A \ B)

(2) Observe that since B belongs to O, and since B is a subset of A, we have that B
belongs to O 4. Thus A\ B is closed in A with respect to O4. Deduce by Proposition

that cl4,0,) (A\ B) is A\ B.

(3) Since B belongs to Ox, we have that X \ B is closed in X with respect to Ox. De-
duce by Proposition that clx,0,) (X \ B) is X\ B. Thus ANclix0,) (X \ B)
is A\ B.

(4) Observe that by (2) and (3), we have that cli4.0,) (A \ B) is ANclix 0,) (X \ B).

(5) Observe that by Task [[8.3.13, we have that cl 4 0,) (B) is ANclx,0y) (B).
(6) By (1), (4), and (5), conclude that 04 0,)B is Aﬂ(d(x,ox) (X\ B)Nclixoy) (B)).
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(7) Conclude by Task [£9.3.10| that 0(4,0,)B is AN 9 x,04)B-

Task E9.3.14. Let (X, Ox) be a topological space. Let A be a subset of X, and let B
be a subset of A. Prove that Jx 0,)(A\ B) is a subset of the union of 9 x 0,)A and
J(x,0x)B- You may wish to proceed as follows.

(1) Suppose that x belongs to J(x,0,) (A \ B). Suppose first that every neighbour-
hood U of z in X with respect to Ox has the property that (X \ A) N U is not
empty. Since z belongs 0 x 0, (A \ B), we also have that (A \ B)NU is not empty.
In particular, ANU is not empty. Deduce that = belongs to d(x,0)A.

(2) Suppose instead that there is a neighbourhood U of z in X with respect to Ox
such that (X \ A)NU is empty. We have that X \ (A \ B) is the union of X \ A and
B. Since x belongs 0(x 04 (A \ B), we have that (X \ (A\ B)) NU is not empty.
Deduce that B N U is not empty.

(3) Let U’ be any neighbourhood of x in X with respect to Ox. Suppose that BNU’
is empty. We have that U N U’ is a neighbourhood of x in X with respect to Ox.
Moreover, observe that (X \ A)N(U NU’) is empty, and that BN (U NU’) is empty.
Conclude that B N U’ is not empty.

(4) Since = belongs to J(x,0y) (A\ B), we have that (A\ B) N U’ is not empty. In
particular, we have that (X \ B) N U’ is not empty.

(5) Observe that, by (2) — (4), if there is a neighbourhood U of z in X with respect
to Ox such that (X \ A) N U is empty, then = belongs to J(x,0)B-

(6) Observe that, by (1) and (5), we have that d x o) (A \ B) is a subset of the union
of 6(X,(’)X)A and 8(X,OX)B'

Task E9.3.15. Let (X,Ox) be a topological space. Let A be a subset of X which is
closed with respect to Ox. Let B be a subset of X which belongs to Ox. Prove that
I(x,0x)(A\ B) is the union of Jx 0,)A and Jix 0,)B.- You may wish to proceed as
follows.

(1) Observe that, by Task [£9.3.14] we have that 0 x,0,)(A\ B) is a subset of the
union of Jx 0,)A and 9 x o) B.

(2) Since B is a subset of A, we have that X \ A is a subset of X \ B. Deduce that
(X \ A) N B is empty.

(3) Suppose that z € X belongs to B. Then B is a neighbourhood of z in X with
respect to Ox. Deduce by (2) that = does not belong to J(x 0)A.

(4) Suppose that = € X belongs to X \ A. Since A is closed in X with respect to Ox,
we then have that X \ A is a neighbourhood of = in X with respect to Ox. Deduce
that = does not belong to 9 x )4
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(5) Suppose that x belongs to Jx,0,)A. By (3) and (4), we have that x belongs to
A\ B. Let U be a neighbourhood of = in X with respect to Ox. Observe that since
x belongs to A\ B, we have that (A\ B)NU is not empty.

(6) Since z belongs to J(x,0,)A, we also have that (X \ A) N U is not empty. We
have that X \ (A \ B) is the union of X \ A and B. Deduce that (X \ (A\ B))NU

is not empty.

7) Conclude from (5) and (6) that if = belongs to O/x »,)A4, then z belongs to
( ) X)
a(X,Ox) (‘1 \ E )

(8) Arguing in a similar way, prove that if x belongs to J(x 0,)B, then x belongs to

(9) By (7) and (8), we have that the union of 9 x,0)A and 9 x,0,)B is a subset of
I(x,0x) (A\ B). Conclude by (1) that the union of 9 x,0)4 and J(x,0)B is equal

to 8(X,OX) (A \ B)

E9.4 Exploration — limit points in a metric space

Task E9.4.1. Let (X, d) be a metric space. Let Oy be the topology on X corresponding
to d of Task Let A be a subset of X. Suppose that x belongs to X. Prove that
z is a limit point of A in X with respect to Oy if and only if, for every € € R such that
e > 0, there is an a which belongs to A such that d(z,a) < e. You may wish to proceed
as follows.

(1) Suppose that z is a limit point of A in X with respect to O4. By Task [E4.3.2
we have that B(x) is a neighourhood of = in X with respect to O4. Deduce that
AN B(x) is not empty, and thus that there is an @ which belongs to A such that
d(z,a) < e.

(2) Suppose instead that, for every e € R such that e > 0, there is an a which belongs
to A such that d(x,a) < e. Let U be a neighbourhood of x in X with respect to
O4. By definition of Oy, there is a ( € R with € > 0 such that B¢(z) is a subset of
U. By assumption, there is an a in A such that a belongs to B¢(x). Deduce that
ANU is not empty. Conclude that that x is a limit point of A in X with respect
to Od.

Task E9.4.2. Let (X,d) be a metric space. Let A be a subset of X. Suppose that
x belongs to X. Let X be equipped with the topology O4 corresponding to d of Task
Prove that if A is closed in X with respect to Oy, then d(z, A) > 0 for every z
which does not belong to A. You may wish to proceed as follows.

(1) Since A is closed in X with respect to O4, we have, by Proposition that x is
not a limit point of A in X with respect to Ox. By Task[E9.4.1], deduce that there
is an € € R with € > 0 such that d(x,a) > € for all a which belong to A.
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(2) Deduce that d(z, A) > €, and thus that d(z, A) > 0.
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