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5 Tuesday 29th January

5.1 Limits points, closure, boundary — continued

Definition 5.1. Let (X, Ox) be a topological space, and let A be a subset of X. The
closure of A in X is the set of limit points of A in X.

Remark 5.2. This choice of terminology will be explained by Proposition [5.7

Notation 5.3. Let (X,Ox) be a topological space, and let A be a subset of X. We
denote the closure of A in X by A.

Definition 5.4. Let (X, Ox) be a topological space. A subset A of X is dense in X if
X = A

Observation 5.5. Let (X,Ox) be a topological space, and let A be a subset of X.
Every a € A is a limit point of A, so A C A.

Examples 5.6.

(1)

Let X = {a,b}, and let O := {0, {b}, X }. In other words, (X, O) is the Sierpinski
interval. Let A := {b}. We have that a is a limit point of A. Indeed, X is the only
neighbourhood of a in X, and it contains b. Thus A = X, and we have that A is
dense in X.

Let X ={a,b,c,d,e}, and let O denote the topology on X given by

{(Z)v {a}> {b}v {C> d}v {av b}> {a7 ¢, d}v {ba 6}7 {ba ¢, d}, {b> ¢, d, 6}7 {a7 b, c, d}> {a> b, 6}7 X}
Let A := {d}. Then c is a limit point of A, since the neighbourhoods of {c¢} in X
are {c,d}, {a,c,d}, {b,c,d}, {b,c,d,e}, {a,b,c,d}, and X, all of which contain d.

But b is not a limit point of A, since {b} is a neighbourhood of b, and {b} N A = 0.
Similarly, @ is not a limit point of A.

Also, {e} is not a limit point of A, since the neighbourhood {b,e} of e does not
contain d. Thus A = {¢,d}.

Let A’ := {b,d}. Then c is a limit point of A’ since every neighbourhood of ¢ in
X contains d, as we already observed.

In addition, e is a limit point of A, since the neighbourhoods of e in X are {b, e},
{b,c,d,e}, {a,b,e}, and X, all of which contain either b or d, or both.

But a is not a limit point of A’ since {a} N A’ = . Thus A’ = {b,¢,d, e}.
Let A:=1[0,1). Then 1 is a limit point of A in (R, Or). See Exercise Sheet 4.

Let A := Q, the set of rational numbers. Then every x € R is a limit point of A
in (R, Ogr). Indeed, for every open interval (a,b) such that a,b € R and z € (a,b),
there is a rational number ¢ with @ < ¢ < . Thus A = R, and we have that Q is
dense in (R, Og).
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(5)

Let A := Z, the set of integers. Then no real number which is not an integer is
a limit point of A in (R, Ogr). Indeed, let x € R, and suppose that ¢ Z. Then
(lx], [2]) is a neighbourhood of z not containing any integer. Thus A = Z. Here
|| is the floor of z, namely the largest integer z such that z < z, and [z] is the
roof of x, namely the smallest integer z such that z > x.

Let A := {(z,y) € R? | ||[(x,9)| < 1}, the open disc around 0 in R? of radius 1.

Then (z,y) € R? is a limit point of A in (R?, Ogrxg) if and only if (z,y) € D%
Let us prove this. If (z,y) ¢ D?, then ||(z,y)|| > 1. Let € € R be such that

||

I, Il

0<e<|z|—

and let € € R be such that

Yl
(2, y) Il

0<é <yl

GLet U := (x — e,z + ¢€), and let U’ := (y — ¢/,y + €'). By definition of Orxg,
U x U' € Orxr. Moreover, for every (u,u') € U x U’, we have that

)] = [, [
> M(lel = eyl — )]
= Ier @9l

=1.

Thus U x U’ is a neighbourhood of (z,y) in (R Ogygr) with the property that
AN (U xU'") = 0. We deduce that (z,y) is not a limit point of A.
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Suppose now that (z,y) € S'. Let W be a neighbourhood of (z,%) in (R?, Opxr).
By definition of Oryg, there is an open interval U in R and an open interval U’ in
Rsuch that z €e U,y € U, and U x U' C W.

Let us denote the open interval {|u| | u € U} in R by (a,b) for a,b € R, and let us
denote the open interval {|u/| | «' € U’} in R by (d/,¥) for «/,b € R. Let 2/ € U
be such that a < |2/| < |z|, and let ' € U be such that ¢’ < |¢| < |y|. Then we
have that

1" O = 12" [y DI
< [[(l=[; [y
= 1.

Thus (2/,y') € AN (U x U’), and hence (2/,y') € ANW. Thus (x,y) is a limit
point of A.

Putting everything together, we conclude that A = D?.

Proposition 5.7. Let (X, Ox) be a topological space, and let V' be a subset of X. Then
V is closed in (X, Ox) if and only if V = V.

Proof. Suppose that V' is closed. By definition, X \ V' is then open. Thus, for any z € X
such that = ¢ V', we have that X \ V is a neighbourhood of x. Moreover, by definition,
X \ V does not contain any element of V. Thus x is not a limit point of V' in X. We
conclude that V = V.
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Suppose now that V = V. Then for every ¢ V there is a neighbourhood of = which
does not contain any element of V. Let us denote this neighbourhood by U,. We make
three observations.

(1) X\V CUex\v Uz, since z € Us.
(2) U;pex\v U, C X \V, since

Vm( U Ux): U w.nvy= |J e=0.

zeX\V zeX\V zeX\V

(3) UxeX\V U, € Ox, since U, € Ox for all z € X \ V.

Putting (1) and (2) together, we have that (J,cx\y Uz = X \ V. Hence, by (3),
X \V € Ox. Thus V is closed. O

Remark 5.8. In other words, a subset V' of a topological space (X, Ox) is closed if and
only if every limit point of V' belongs to V.

Proposition 5.9. Let (X,Ox) be a topological space, and let A be a subset of X.
Suppose that V is a closed subset of X with A C V. Then A C V.

Proof. See Exercise Sheet 4. O
Remark 5.10. In other words, A is the smallest closed subset of X containing A.

Corollary 5.11. Let (X, Ox) be a topological space, and let A be a subset of X. Then
A=V,
14
where the intersection is taken over all closed subsets V' of X with the property that
AcCV.
Proof. Follows immediately from Proposition O

Definition 5.12. Let (X, Ox) be a topological space, and let A be a subset of X. The
boundary of A in X is the set € X such that every neighbourhood of x in X contains
at least one element of A and at least one element of X \ A.

Notation 5.13. We denote the boundary of A in X by Jx A.

Observation 5.14. Let (X,Ox) be a topological space, and let A be a subset of X.
Every limit point of A which does not belong to A belongs to dx A.

Terminology 5.15. The boundary of A in X is also known as the frontier of A in X.

Examples 5.16.
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(1) Let X := (R?, Ogpxr), and let A := D?. Then dxA = S*.

T 1 T~

Let us prove this. By exactly the argument of the first part of the proof in Examples
m (6), every (z,y) € R?\ D? is not a limit point of D2. Thus 94X C D2

T T T
S I

Suppose that (x,y) € D?, but that (z,y) ¢ S*. Then ||(z,y)|| < 1. Let ¢ € R be
such that

0<e< 2]

— Iyl

- |SU‘,
and let € € R be such that

O<e'§¢—]y|.

Iz, )

Let U := (x —e,x +¢€), and let U' := (y — €,y + €’). By definition of Orxg,
U x U" € Orxr. Moreover, for every (u,u') € U x U’, we have that

(s )| = [I(Jul, [Pl
< (] + € Iyl + €l

1
< IIW(IOJI, yDIl
=1.

Thus U x U’ is a neighbourhood of (x,y) in (R?, Orxr) with the property that
(R?2\ D?) N (U x U') = (. We deduce that (z,y) € 9aX.
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We now have that dx A C S!. Suppose that (z,y) € S!, and let W be a neigh-
bourhood of (z,%) in R2. By definition of Oryg, there is an open interval U in R
and an open interval U’ in R such that z € U, y € U’, and U x U’ Cc W.

Let us denote the open interval {|u| | u € U} in R by (a,b) for a,b € R, and let us
denote the open interval {|u/| | «' € U’} in R by (a/,¥') for a/,b’ € R. Let 2’ € U
be such that |z| < [2/| < b, and let ¥ € U be such that |y| < || < b'. Then we
have that

1"y = 112, 1y DI

> [|(fl [y Dl
= 1.

Thus (2/,y') € (R?\ D?)N(U xU’), and hence (z',3') € (R?\ D?)NW. In addition,
(x,y) belongs to both D? and W. We deduce that (xz,y) € dxA, and conclude
that ST C OxA.

—u

[ ) (z,y)
\ /

Putting everything together, we have that 94X = S'. Alternatively, this may be
deduced from Example (2) below, via a homeomorphism between D? and I2.

(2) Let X := (R% Ogxr), and let A := 2. Then 94X is as indicated in blue below.

We have at least three ways to prove this. Firstly, as a corollary of Example (1),
via a homeomorphism between I? and D?. Secondly directly, by an argument
similar to that in Example (1). Thirdly as a corollary of Example (4) below, using
a general result on the boundary of a product of topological spaces which we will
prove in Exercise Sheet 4.
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(3)

(4)

()

Let X := (R?, OrxR), and let A := Ay, an annulus, for some k € R with 0 < k < 1.
Then Ox A is as indicated in blue below. This may be proven by an argument
similar to that in Example (1).

Let X := (R,Ogr). Then 0x(0,1) = 0x (0,1] = 0x[0,1) = dx [0,1] = {0,1}. See
Exercise Sheet 4.

Let X :={a,b,c,d, e}, and let O denote the topology

{Q), {a}, {b},{c,d},{a, b}, {a,c,d}, {b,e},{b,c,d},{b,c,d, e}, {a,b,c,d},{a,b, e}, X}

on X, as in Examples 5.6/ (2). Let A := {b,d}.

We saw in Examples (2) that the limit points of A which do not belong to A
are {c} and {e}. Also d € OxA. Indeed, the neighbourhoods of d in X are {c,d},
{a,c,d}, {b,c,d}, {b,c,d,e}, {a,b,c,d}, and X. Each of these neighbourhoods

contains ¢, which does not belong to A.

But b does not belong to dx A, since {b} is a neighbourhood of b in X, and {b}
does not contain an element of X \ A. Thus dxA = {c,d, e}.

Let A denote the letter T, viewed as the subset
{0,)|0<y<1}U{(z,1)| -1<z <1}

of R2.

e

Let X := (R?, Ogxgr). Then dxT = T. Indeed, for every (z,y) € T, there exists a
neighbourhood U x U’ C R? of (x,%) such that (U x U')NT = (.
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AN
1

{(0,9) [y e Ry U{(2,1) |z € R}

Instead, let X denote the subset

of R?, equipped with the subspace topology with respect to (R?, Orxr). Then
Ox T consists of the four elements of T indicated in blue in the following picture,
in which X is drawn in yellow.

B

Now let X denote the subset

{(0,9) [y <13 U{(x,1) |z € R}

of R?, equipped with the subspace topology with respect to (R?, Ogrygr). Then
Ox T consists of the three elements of T" indicated in blue in the following picture,
in which again X is drawn in yellow.

B

gé? As Examples (6) illustrates, a set A may have a different boundary depending
upon which topological space it is regarded as a subset of.
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5.2 Coproduct topology

Recollection 5.17. Let X and Y be sets. The disjoint union of X and Y is the set
(X x {0} U (Y x {1}).
Let

ix

X Xuy

denote the map given by x +— (z,0), and let

iy
Y

XuYy

denote the map given by y — (y, 1).
Terminology 5.18. A disjoint union is also known as a coproduct.

Proposition 5.19. Let (X,Ox) and (Y, Oy) be topological spaces. Let Oxy be the
set of subsets U of X 'Y such the following conditions are satisfied.

(1) ix'(U) € Ox.
(2) iy (U) € Oy.
Then Oxy defines a topology on X LI'Y.
Proof. Exercise. O

Terminology 5.20. We refer to Oxy as the coproduct topology on X LY.

Observation 5.21. It is immediate from the definition of Ox ;v that ix and iy are
continuous.

Examples 5.22.
(1) T2 T2

(2) T? U St

The disjoint union of two sets is very different from the union. Indeed, T?UT? = T2
Two doughnuts are very different from one doughnut!

o7



	Tuesday 29th January
	Limits points, closure, boundary — continued
	Coproduct topology


