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3 Monday 13th January

3.1 Product topologies

Remark 3.1.1. In this section, we discuss our second ‘canonical way’ to construct
topological spaces.

Definition 3.1.2. Let (X,Ox) and (Y, Oy) be topological spaces. Let Oxxy denote
the set of subsets U of X x Y with the property that, for every (z,y) € U, there is a
subset Ux of X and a subset Uy of Y with the following properties.

(1) We have that = € Uy, and that Ux belongs to Ox.
(2) We have that y € Uy, and that Uy belongs to Oy-.

(3) We have that Ux x Uy C U.

Proposition 3.1.3. Let (X, Ox) and (Y, Oy) be topological spaces. Then (X xY, Oxxy)
is a topological space.

Proof. We verify that each of the conditions of Definition holds.

(1) The empty set () belongs to Ox vy, since the required property vacuously holds.
(2) Let (z,y) € X x Y. We have the following.

(a) Since Ox is a topology on X, we have that X belongs to Ox. Evidently,
rxeX.

(b) Since Oy is a topology on Y, we have that Y belongs to Oy. Evidently,
yevy.

(¢) We have that X xY C X x Y.

Taking Ux to be X, and taking Uy to be Y, we deduce that X x Y belongs to
Oxxy-

(3) Let {Uj},.; be a set of subsets of X x Y which belong to Oxxy. Let (z,y) €
Ujes Uj- By definition of (J,¢; Uj, there is a j € J such that (z,y) € U;.

By definition of Ox«y, there is a subset Ux of X and a subset Uy of Y with the
following properties.

(a) We have that € Uy, and that Ux belongs to Ox.
(b) We have that y € Uy, and that Uy belongs to Oy-.
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(c) We have that Uy x Uy C Uj.

We have that U; C U;c;Uj. By (c), we deduce that Ux x Uy C ;e Uj. We
conclude from the latter, (a), and (b), that (J;c; U; belongs to Oxxy-

(4) Let Uy and U; be subsets of X x Y which belong to Oxxy. Let (z,y) € Uy N Uj.
By definition of Oxxy, there is a subset Ug( of X and a subset Ugf of Y with the
following properties.

a) We have that = € UgX, and that U< belongs to Ox.
0 0
b) We have that y € U}, and that U} belongs to Oy-.
0 0
(¢c) We have that Us* x U} C U.

Moreover, by definition of Ox«y, there is a subset UIX of X and a subset Uly of Y
with the following properties.

(d) We have that x € UjX, and that U;X belongs to Ox.
(e) We have that y € U}, and that UY belongs to Oy-.
(f) We have that U{* x UY C Uy.

We deduce the following.

(i) By (a) and (d), we have that z € Us* N U;X. Moreover, since Oy defines a
topology on X, we have by (a) and (d) that Us* N U belongs to Ox.

(ii) By (b) and (e), we have that y € UY NUY. Moreover, since Oy defines a
topology on Y, we have by (b) and (e) that U} N U} belongs to Oy

(iti) We have that
(U nUX) x (U nUY) = (Ug xUY)n (U xUY).
By (c) and (f), we have that
(U xUY) N (U xUY) c Upn Uy

Hence
(U nUT) x (U3 nUY) € U N U

Taking Ux to be U@X NU{X, and taking Uy to be US/ NUY , we conclude that Uy NU;
belongs to Oxxy .

d

Remark 3.1.4. This proof has much in common with the proof of Proposition [2.1.9)and
the proof of Proposition Perhaps you can begin to see how to approach a proof
of this kind? Again, it is a very good idea to work on the proof until you thoroughly
understand it. This is the topic of Task
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3.2 The product topology on R?

3.2 The product topology on R?

Definition 3.2.1. Let Oz denote the product topology on R? with respect to two
copies of (R, Og).

Example 3.2.2. Let Uy = Jag, bo[, and let U; = Jay, b1[ be open intervals. Let (x,y) €
U() X Ul.

by

a1

ao bo

By Example both Uy and U; belong to Or. We deduce that Uy x Uy belongs to
Og2, since we can take Ux to be Uy, and can take Uy to be Uj.

@ In the figures, the dashed boundary does not belong to Uy x U;. We shall adopt
the same convention in all our figures.

Example 3.2.3. Let U denote the disc

{@y) eR ||yl <1}

Let (z,y) be a point of U.
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Let € be a real number such that
0<e<l—|(z9).

Let Ux denote the open interval

Let Uy denote the open interval
Jy—Py+=2.

We have that z € Uy, and that y € Uy. Let (2/,3’) be a point of Ux x Uy. Then

GOl = (1L [ D
<[ (1t =21+ =) |
<z bl + || (22, 22|
= @9l + e
<l y)l+ (=)l

Thus Ux x Uy C U.

By Example [I.6.3 both Uy and U; belong to Og. We conclude that U belongs to Ogs.

Remark 3.2.4. There are very many subsets U of R? which belong to Og2. We just
have to be able to find a small enough ‘open rectangle’ around every point of U which
is contained in U.
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3.2 The product topology on R?

Example 3.2.5. An ‘open star’ belongs to Oge.

Example 3.2.6. An ‘open ladder’ belongs to Opa.

Example 3.2.7. An ‘open blob’ belongs to Ops.

Example 3.2.8. The open half plane given by
{(z,y) eR* |2 >0}

belongs to Ops.
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Example 3.2.9. The union of two ‘open infinite wedges’ belongs to Ops.

Example 3.2.10. Let X denote the subset of R? given by

{(z,y) eR* |0 <z < 1andy=0}.

Let x be any point of X.

No matter how small a rectangle we take around z, there will always be a point of R?
inside this rectangle which does not belong to X. Thus X does not belong to Op2.
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Example 3.2.11. Let X denote the ‘half open strip’ given by [0, 1] x |0, 1.

The solid part of the boundary of this figure belongs to X. Let (z,y) belong to either
of the vertical boundary lines. For example, we can take (z,y) to be (0, 3).

No matter how small a rectangle we take around (z,y), there will always be a point
inside this rectangle which does not belong to X. For example, if (z,y) is (0, %), there
will always be a point (2,%') inside this rectangle such that 2’ < 0. Thus X does not
belong to Og2.
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E3.1 Exam questions

Task E3.1.1. Are the following subsets of R? open, closed, both, or neither with respect
to the topology Op2?

(1) The union of the set
{(z,y) eR*|0<z <land|y<1l—z}

and the set
{(z,y) eR* | -1 <z <0and |yl <z +1}.

(2) Unez Xn, where
Xn:{(n,y)ERZIyeR}.
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E3 Exercises for Lecture 3

(3) R x [0,1].

(4) The set consisting of the single point {(123,7)}.
(5) The union of the set
{(z,y) eR*| -1 <2 < 3 and ||(z,y)| < 1}

and the set
{(ac,y) € R? | % <z <land [[(z,y)| < 1}.

(6) The union of the set
{(z,y) €R? |y >0 and |(z,y)ll <1}

and the set [3, 5] x [0, 1].

(7) Upen {(z,9) e R [ ||(z,y)| <3—+}.

(8) The set
{(m,O)ER2|0§x§1}.
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E3.2 In the lecture notes

E3.2 In the lecture notes

Task E3.2.1. Do the same as in Task [E2.2.2] for the proof of Proposition

E3.3 For a deeper understanding

Task E3.3.1. Let (X,Ox) and (Y, Oy) be topological spaces. Let Vx be a subset of
X which is closed with respect to Ox, and let Vy be a subset of Y which is closed with
respect to (Y, Oy ). Prove that Vx x Vy is closed with respect to (X xY,Oxxy).

Task E3.3.2. Let (Xo,0x,) and (X1, Ox,) be topological spaces. Let Yy be a subset
of Xo, and let Y7 be a subset of Xj.

Let Oy, denote the subspace topology on Yy with respect to (Xo,Ox,). Let Oy,
denote the subspace topology on Y; with respect to (X1, Ox;,).

Let Oy,xy; denote the product topology on Yy x Y7 with respect to (Yp, Oy,) and
(Y1,Oy,). Let Og/o «y, denote the subspace topology on Yy x Y7 with respect to (Xo X
X1,0xxx,)-

Prove that Oy, xy, = Og’ony

Task E3.3.3. Let (Xo,0x,), (X1,0%,), and (X2,0x,) be topological spaces. Let
Oxyx(x1xX») denote the product topology on X x X1 x X with respect to (Xo, Ox,)
and (X1 x X2, 0x,xx,)- Let O(x,xx,)xx, denote the product topology on Xo x X7 x Xo
with respect to (Xo x X1,Ox,xx,) and (X2, Ox,).

Prove that OXQX(X1><X2) = O(XOXXl)XXQ'

Notation E3.3.4. We shall denote the topology O xx(x;xx2) = O(xoxx1)xx, on Xo X
X1 X X2 by Oxyxx;xX,-

Notation E3.3.5. We shall denote by Ops the topology Orxrxr On R3.

Remark E3.3.6. Let n € N. For every 1 < i < n, let (X;,Ox,) be a topological
space. By induction, it follows from Task that all the possible ways of equipping
X1 x...x X, with a topology, using only the topologies Ox,, for 1 < ¢ < n, and product
topologies built from these, coincide.

Notation E3.3.7. We shall denote this topology on X; x ... X, by Ox,x.. xx,-
Notation E3.3.8. We shall denote by Ogn the topology Op , g on R™.
—_——

n

E3.4 Exploration — metric spaces

Remark E3.4.1. Some of you may have met the notion of a metric before, for instance
in TMA4145 Linesere Metoder. Don’t worry if not, all material on metric spaces below,
and in future exercises, will not be examined. Certainly I recommend to focus on the
topics covered in the lectures, before looking into any of the exercises on metric spaces.
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Nevertheless, those of you who are comfortable with the lectures may find the exercises
on metric spaces interesting, and useful in future courses. Though it will not be necessary,
you are welcome to make use of any of the exercises on metric spaces in the exam wherever
there is an opportunity for this.

Definition E3.4.2. Let X be a set. A metric on X is a map
Xx X —% 00,00

such that the following hold.

(1) For every x which belongs to X, we have that d(x,z) = 0.

(2) For all g, x1, and x9 which belong to X, we have that

d(zo, 1) + d(x1, x2) > d(z0, 22).

Remark E3.4.3. The condition of Definition is known as the triangle inequality.

Remark E3.4.4. If you have seen the definition of a metric in a previous course, a couple
of additional conditions were probably required to be satisfied. For many purposes, these
are not needed. In particular, we shall not need them in this section.

Definition E3.4.5. A metric space is a pair (X, d) of a set X and a metric d on X.

Notation E3.4.6. Let

R™ x R"

RTL

denote the map given by

(@1, n), Was o tn) = V(01— 21)2 4 o (Y — T0)?

In other words, dg~ is the usual notion of distance between a pair of points in R".

(xlayl

)
V(T —x0)? + (y1 — ?/0)2// Y1 — Yo
)

($07y0

>

1 — X9
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E3.4 Exploration — metric spaces

Task E3.4.7. Prove that dr~ defines a metric on R™, or look up a proof from an earlier
course.

Definition E3.4.8. Let (X,d) be a metric space. Let x € X, and let ¢ > 0 be a real
number. The open ball of radius € around x is the set B¢(x) given by

{' € X | d(z,2") < €}.

Task E3.4.9. Let (X, d) be a metric space. Let Oy denote the set of subsets U of X
with the property that, for every = € U, there is a real number € > 0 such that B¢(x) is
a subset of U. Prove that O, defines a topology on X.

Remark E3.4.10. We shall take the point of view that a metric is a way to construct a
topology. Once we have constructed this topology, we can forget about the metric from
whence it camel!

All the topological spaces that we shall be interested in can be constructed without
using a metric. For this reason, metrics will never appear in the lectures.

A characteristic feature of topology, as opposed to geometry, is that we shall often
be manipulating topological spaces in ways which change the distance between pairs of
points: squashing and stretching, for instance.

Nevertheless, there are many important areas of mathematics, such as differential
geometry, which merge both topological and geometrical ideas. Here one sometimes em-
phasises a construction which relies on a metric, sometimes emphasises a purely topolog-
ical construction, and often investigates the interplay between both worlds. The courses
TMA4190 Mangfoldigheter and MA8402 Lie-Grupper og Lie-Algebraer can lead in this
direction.

Remark E3.4.11. Though metrics will never appear in the lectures, many of the con-
cepts that we shall look at for arbitrary topological spaces can be thought of in other,
equivalent, ways for topologies coming from a metric. We shall explore this in future
exercises.

Task E3.4.12. Let n > 1. Prove that Og,, = Ogn.
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