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8 Tuesday 28th January

8.1 Further geometric examples of homeomorphisms

Example 8.1.1. Let K be a subset of R? such as the following.

D

Let O denote the subspace topology on K with respect to (R?, Ogs). Then (K, Ok) is
an example of a knot. We have that (K, Ok) is homeomorphic to (S, O%).

Remark 8.1.2. The crucial point is that both K and a circle can be obtained from a
piece of string by glueing together the ends together. We may bend, twist, and stretch
the string as much as we wish before we glue the ends together.

Remark 8.1.3. We shall explore knot theory later in the course.

Example 8.1.4. We have that (72, Oz2) is homeomorphic to (S x S, Og1, g1).

To prove this is the topic of Task [E8.2.1

Remark 8.1.5. We can think of the left copy of S' in S' x S! as the circle depicted
below.

Suppose that x belongs to S*.
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8 Tuesday 28th January

We can think of {z} x S! as a circle around z.

In this way, we can think S' x S' = J,cqi1{z} x S! as a ‘circle of circles’.

A ‘circle of circles’ is intuitively exactly a torus.

8.2 Neighbourhoods

Definition 8.2.1. Let (X,Ox) be a topological space. Suppose that x belongs to X.
A neighbourhood of x in X with respect to Ox is a subset U of X such that x belongs
to U, and such that U belongs to Ox.

In other references, you may see a neighbourhood U of = defined simply to be a
subset of X to which x belongs, without the requirement that U belongs to Ox.

Example 8.2.2. Let X = {a,b,c,d} be a set with four elements. Let Ox be the
topology on X given by

{0,{a},{b},{d},{a,b},{a,d},{b,d},{c,d},{a,b,d}, {a,c,d},{b,c,d}, X}.

Here is a list of the neighbourhoods in X with respect to Ox of the elements of X.

Element Neighbourhoods

{a}v {a7 b}v {a7d}v {aa b, d}: {a,c, d}; X

{b}, {a,b}, {b,d}, {a,b,d}, {b,c,d}, X

{¢,d}, {a,c,d}, {b,c,d}, X

{d}, {a,d}, {b,d}, {c,d}, {a,b,d}, {a,c,d}, {b,c,d}, X

Qo o
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8.2 Neighbourhoods

Example 8.2.3. Suppose that x belongs to D?. For instance, we can take z to be

(1:1)-

A typical example of a neighbourhood of 2 in D? with respect to Op2 is a subset U of
D? which is an ‘open rectangle’, and to which x belongs. When z is (i, %), we can, for

instance, take U to be ]O, %[ X }O, % [

We could also take the intersection U with D? of any open rectangle in R? to which z
belongs. By definition of Op2, we have that U belongs to Op2. For instance, when z is

(3,1), we can take U to be the intersection with D? of ]0,1[ x ]0, 1.

A disjoint union Uy U Uy of a pair of subsets of D? which both belong to Op2, with the
property that z belongs to either Uy or Uy, is also a neighbourhood of x in D? with
respect to Op2. For UyUU; belongs to Op2, and x belongs to Uy UU;. When x is (i, %),
we can for instance take Uy to be ]0, % [ X ]0, % [, and take U; to be the intersection with

D? of |-1,—3[ x |-1,-1].
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8 Tuesday 28th January

A subset of D? to which  does not belong is not a neighbourhood of z in D? with
respect to Ope, even if it belongs to Op2. When z is (i, %), the subset ]—%, 0[>< ] —%,O[
is not a neighbourhood of z, for instance.

A subset of D? to which x belongs, but which does not belong to Op2, is not a neigh-
bourhood of = in D? with respect to Op2. When z is (i, i), the subset ]0, %[ X [0, %]
is not a neighbourhood of z, for instance.

8.3 Limit points

Definition 8.3.1. Let (X, Ox) be a topological space. Let A be a subset of X. Suppose
that = belongs to X. Then x is a limit point of A in X with respect to Ox if, for every
neighbourhood U of x in X with respect to Ox, there is an a € U such that a belongs
to A.

Remark 8.3.2. In other words, z is a limit point of A in X with respect to Ox if and
only if for every neighbourhood U of z in X with respect to Ox, we have that ANU # 0.

Remark 8.3.3. Let (X, Ox) be a topological space. Let A be a subset of X. Suppose
that a belongs to A. Then a is a limit point of A in X with respect to Ox, since every
neighbourhood of a in X with respect to Ox contains a.
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8.4 Examples of limit points

8.4 Examples of limit points

Example 8.4.1. Let X = {a,b} be a set with two elements. Let Ox be the topology
on X given by

{0, {b}, X}

Let A = {b}. By Remark we have that b is a limit point of A in X with respect
to Ox. Moreover, a is a limit point of A in X with respect to Ox. For the only
neighbourhood of a in X with respect to Ox is X, and we have that b belongs to X.

Example 8.4.2. Let X = {a,b,c,d,e} be a set with five elements. Let Ox be the
topology on X given by

{0,{a},{b},{a,b},{b,e},{c,d},{a,b,e},{a,c,d},{b,c,d},{a,b,c,d},{b,c,d, e}, X}.

Let A = {d}. By Remark we have that d is a limit point of A in X with respect
to Ox. To decide whether the other elements of X are limit points, we look at their
neighbourhoods.

Element Neighbourhoods

{a}, {a,b}, {a,b,e}, {a,c,d}, {a,b,c,d}, X

{b}, {a,b}, {b,e}, {a,b,e}, {b,c,d}, {a,b,c,d}, {b,c,d, e}, X
{¢,d}, {a,c,d}, {b,c,d}, {a,b,c,d}, {b,c,d,e}, X

{b,e}, {a,b,e}, {b,c,d,e}, X

o O SR

For each element, we check whether d belongs to all of its neighbourhoods.

Element Limit Point Neighbourhoods to which d does not belong

{a}, {a,b}, {a,b, e}
{b}, {a,b}, {b,e}, {a,b, e}

{b,e}, {a,b, e}

o O O Q

*x X% %

To establish that a, b, and e are not limit points, it suffices to observe that any one of
the neighbourhoods listed in the table above does not contain d.

Example 8.4.3. Let (X, Ox) be as in Example [8.4.2] Let A = {b,d}. For each of the
elements a, ¢, and e, we check whether every neighbourhood contains either b or d. The
neighbourhoods are listed in a table in Example

Element Limit Point Neighbourhoods U such that ANU = ()

a X {a}
c v
e v
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Example 8.4.4. Let (X,Ox) be (R,Or). Let A= [0, 1].

Let U be a neighbourhood of 1 in R with respect to Or. By definition of Og, there is
an open interval |a, b such that a < 1 < b and which is a subset of U.

I —

\ \ Lo
0 a 1 b

There is an « € R such that a < 2 < 1, and 0 < z. In particular, x belongs to [0, 1].

I —

I
0 a x 1 b

Since ]a, 1[ is a subset of ]a,b[, and since |a,b] is a subset of U, we also have that z

belongs to U. This proves that if U is a neighbourhood of 1 in R with respect to Og,

then [0,1[NU is not empty. Thus 1 is a limit point of [0, 1] in R with respect to Og.
Suppose now that x € R has the property that = > 1.

Let € € R be such that 0 < ¢ < x — 1. Then |z — ¢,z + €[ is a neighbourhood of z in R
with respect to Og, but [0, 1[N ]z — €,z + €] is empty.

[ [ \ [ \
0 1 r—e x x+e€

Thus z is not a limit point of [0, 1] in R with respect to Or. In a similar way, one can
demonstrate that if x € R has the property that x < 0, then z is not a limit point of
[0,1] in R with respect to Og. This is the topic of Task [E8.2.2
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8.4 Examples of limit points

Example 8.4.5. Let (X,0x) be (R,Or). Let A = Q, the set of rational numbers.
Suppose that = belongs to R. Let U be a neighbourhood of = in R with respect to Og.
By definition of O, there is an open interval ]a, b such that a < x < b which is a subset
of U.

Since |a, b N Q is a subset of U N Q, we deduce that g belongs to U. We have proven
that, for every neighbourhood U of x in R with respect to Or, UNQ is not empty. Thus
z is a limit point of Q in R with respect to Og.

Notation 8.4.6. Suppose that x belongs to R. We denote by |z] the largest integer z
such that z < z. We denote by [z] the smallest integer z such that z > x.

Example 8.4.7. Let (X,Ox) be (R, Or). Let A = Z, the set of integers. Suppose that
x belongs to R, and that x is not an integer. Then ||z ], [2][ is a neighbourhood of z in
R with respect to Og.

[z] -1 Ed z [x] [2] +1

Moreover Z N ]|x], [x]] is empty. Thus z is not a limit point of Z in R with respect to
Ok.

Example 8.4.8. Let (X,Ox) be (R? Og2). Let A be the subset of R? given by

{@y) eR ||yl <1}
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Suppose that (z,y) € R? belongs to S*.

Then (z,y) is a limit point of A in R? with respect to Og2. Every neighbourhood of
(z,y) in R? with respect to Og2 contains an ‘open rectangle’ U to which (z, %) belongs.
We have that AN U is not empty.

To fill in the details of this argument is the topic of Task [E8.2.3] Suppose now that
(z,1) € R? does not belong to D?.

Then (z,y) is not a limit point of A in R? with respect to Op2. For let € € R be such
that
0<e<|(zy) -1

Let U, be the open interval given by
Jo - o204 2],
Let U, be the open interval given by

Jv— =2+ =2,
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8.5 Closure

Then U, x Uy is a neighbourhood of (z,y) in R? whose intersection with A is empty.

To check this is the topic of Task [E8.2.4]

8.5 Closure

Definition 8.5.1. Let (X, Ox) be a topological space. Let A be a subset of X. The
closure of A in X with respect to Ox is the set of limit points of 4 in X.

Notation 8.5.2. Let (X, Ox) be a topological space. Let A be a subset of X. We shall
denote the closure of A in X with respect to Ox by clix o) (4).

Remark 8.5.3. The notation A is also frequently used to denote closure.
Remark 8.5.4. By Remark we have that A is a subset of cl(x o) (A).

Definition 8.5.5. Let (X, Ox) be a topological space. A subset A of X is dense in X
with respect to Ox if the closure of A in X with respect to Ox is X.

8.6 Examples of closure

Example 8.6.1. Let (X,0Ox) and A be as in Example We found in Example
that the limit points of A in X with respect to Ox are a and b. Hence cl(x 0 (A)
is X. Thus A is dense in X with respect to Ox.

Example 8.6.2. Let (X,0Ox) and A be as in Example We found in Example
that cl(x,0y) (A4) is {c,d}. Thus A is not dense in X with respect to Ox.

Example 8.6.3. Let (X,0Ox) and A be as in Example We found in Example
that cl(x,0,) (A) is {b,c,d,e}. Thus A is not dense in X with respect to Ox.

Example 8.6.4. We found in Example that 1 is the only limit point of [0, 1] in
R with respect to Og which does not belong to [0,1[. Thus clg o) ([0,1[) is [0,1]. In
particular, [0, 1] is not dense in R with respect to Og.

Example 8.6.5. We found in Example that every x € R is a limit point of Q in R
with respect to Og. In other words, clg o) (Q) is R. Thus Q is dense in R with respect
to OR.
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Example 8.6.6. We found in Example that if z € R is not an integer, then x is
not a limit point of Z in R with respect to Og. In other words, clr o) (Z) is Z. In
particular, Z is not dense in R with respect to Og.

Example 8.6.7. Let (X,Ox) be (R? Og2). Let A be as in Example We found
in Example that if (z,y) € R? does not belong to A, then (z,y) is a limit point
of A in R? with respect to Oz if and only if (x,y) belongs to S'. We conclude that
cl (R2,042) (A) is D?. In particular, A is not dense in R? with respect to Opo.
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E8 Exercises for Lecture 8

E8.1 Exam questions

Task ES8.1.1. For which of the following subsets A of I? is m(A) a neighbourhood of
[(%, %)] in K2 with respect to Og2? Take the equivalence relation on K2 to be that of
Example [6.4.11

(1) 13:1] < 3.1

)

(2) [0,1] x ]

[l
ool
—
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E8 Exercises for Lecture 8

Task E8.1.2. Let X = {a,b,c,d} be a set with four elements. Let Ox be the topology
on X given by

{0,{a},{a,d},{b,c}, {a,b,c}, {b,c,d}, X}.

What is the closure of {b} in X with respect to Ox? Find a subset A of X with two
elements, neither of which is b, with the property that A is dense in X with respect to
Ox.

Task E8.1.3. Let A =]—00,0[U]1,2[U[3,5]U]6,7].

—

I

0

—_ —e
N —
U
v —
D
-

What is the closure of A in R with respect to Or?
Task E8.1.4. Let A be the union of the set
{(:U,y) c R? |—1l<z< % and |[(z,y)| < 1}

and the set
{(x,y) € R? | % <z <1land [[(z,y)| < 1}.

What is the closure of A in D? with respect to Op2?

Task E8.1.5. Let X =]0,1[ x ]0,1[. Let Ox denote the subspace topology on X with
respect to (R?, Og2).
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ES8.1 Exam questions

|
I
!
! [ |
!
|
|

Find a subset Y of R? such that the closure of A in Y with respect to Oy is [%, %] X ] 0,3 [,
where Oy is the subspace topology on Y with respect to (R?, Ope).

Task E8.1.6. Let A =]2,1[ x [3,3[. Let

I? T2

denote the quotient map.

What is the closure of 7(A) in (T2, Op2)?

Task E8.1.7. Let A be the subset of R? given by the union of the sets

U {(59) lve

neN
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and

U {(m, 2z +2) |z € [an 2}_1}}-

neN
Gy G (1,1
oty (o) (170)

Prove that the closure of X in R? with respect to O is the union of X and the line
{0} x [0, 1].

01 (5D (1) (3:1) (1,1)

Task E8.1.8. Let X = |1,2[U]2,4[. What is the closure of X in R with respect to Or?

E8.2 In the lectures

Task E8.2.1. Prove that (T2, O;2) is homeomorphic to (S! x S, Og1,41), as discussed
in Example You may wish to proceed as follows.

(1) As in Example work with S! throughout this task as the quotient of I by
the equivalence relation generated by 0 ~ 1. In particular, think of Og: as the

quotient topology O/ ...
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ES8.2 In the lectures

(2) Let

g1
I—— st

denote the quotient map. Appealing to Remark and Task 77, observe that the
map

g1 X Mgl

IxI Sl x st

is continuous.

(3) Appealing to Task [E6.2.7, deduce from (2) that the map

T2 St x st

given by [(s,t)] — ([s], [t]) is continuous.

(4) Let t € I. Appealing to Task [E5.3.14] Task [E5.1.5] and Task [E5.3.17) observe

that the map

I

I———

given by s — (¢, s) is continuous.
(5) Let

T2

12 T2

denote the quotient map. Appealing to Task deduce from (1) and Remark
that the map

T2 Ofto

[———— 72

given by s — [(s, )] is continuous.

(6) Observe that mp2 (f2(0)) = 72 (ff(1)). By Task [E6.2.7, deduce that the map

given by [s] — [(t, s)] is continuous.
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(7) Asin (4) — (6), use the map

fi

I——

given by s — (s,t) to prove that the map

Sl T2

given by [t] — [(s,t)] is continuous.

(8) Let

St x St T2

denote the map given by ([s], [t]) — [(s,t)]. Observe that go f

fog=idgiys.

idp2, and that

(9) Let U be a subset of T? which belongs to Op2. Suppose that ([z],[y]) belongs
to g1 (U). Let U, denote the subset (g;)_l (U) of S'. By (6), we have that U,

belongs to Og1. Let U, denote the subset (gg)_1 (U) of S'. By (5), we have that
Uy belongs to Og1. Observe that ([z], [y]) belongs to U, x Uy, and that U, x U, is

a subset of g~ H(U).

(10) By definition of Qg1 g1, deduce from (8) that g~ !(U) belongs to Og1, g1. Con-

clude that ¢ is continuous.

(11) Observe that (2), (8), and (10) together establish that f is a homeomorphism.

Task E8.2.2. Let 2 € R be such that x < 0.

Prove that x is not a limit point of [0, 1] in R with respect to Og).

Task E8.2.3. Let (X,0x) and A be as in Example Suppose that (x,y) € R?

belongs to S!,
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ES8.3 For a deeper understanding

Prove that (z,v) is a limit point of A in R? with respect to Opo.

Task E8.2.4. Let (X,0x) and A be as in Example Suppose that (z,y) € R?
does not belong to D?.

Prove that (z,y) is not a limit point of A in R? with respect to Oz, following the
argument outlined in Example You may find it helpful to look back at Example
B.2.3

E8.3 For a deeper understanding

Task E8.3.1. Let (X, Ox). Let U be a subset of X. Prove that U belongs to Ox if and
only if, for every = which belongs to X, there is a neighbourhood U, of z in (X, Ox)
such that U, is a subset of U.

Remark E8.3.2. Task [E8.3.1] gives a ‘local characterisation’ of subsets of X which
belong to Ox.

Task E8.3.3. Let (X,Ox) and (Y, Oy) be topological spaces. Let

X Y

be a map. Prove that f is continuous if and only for every x € X, and every neighbour-
hood Uy () of f(x) in Y with respect to Oy, there is a neighbourhood U, of x in X with
respect to Ox such that f(U,) is a subset of Uy(,). You may wish to proceed as follows.

(1) Suppose that f satisfies this condition. Let U be a subset of Y which belongs to
Oy. Suppose that = belongs f~1(U). Observe that U is a neighbourhood of f(z)
in Y with respect to Oy.
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(2) By assumption, there is thus a neighbourhood U, of x in X with respect to Ox
such that f(U,) is a subset of U. Deduce that U, is a subset of f~(U).

(3) By Task [E8.3.1] deduce that f~!(U) belongs to Ox. Conclude that f is continu-
ous.

(4) Conversely, suppose that f is continuous. Suppose that x belongs to X, and
that Uy(,) is a neighbourhood of f(z) in Y with respect to Oy. We have that
f (ffl(Uf(l,))) is a subset of Ug(,). Since f is continuous, observe that ffl(Uf(x))
is moreover a neighbourhood of x in X with respect to Ox.

Remark ES8.3.4. Task gives a ‘local characterisation’ of continuous maps.

Definition E8.3.5. Let (X,Ox) be a topological space. A set {A;},_; of (possibly
infinitely many) subsets of X is locally finite with respect to Ox if, for every x € X,
there is a neighbourhood U of z in (X, Ox) with the property that the set of j € J such
that U N A; is non-empty is finite.

Remark E8.3.6. If J is finite, then {A;},_; is locally finite.

Task E8.3.7. Let (X, Ox) be a topological space. Let {Vj},_; be a set of subsets of
X which is locally finite with respect to Ox. Suppose that V; is closed with respect to
Ox, for every j € J. Let K be a (possibly infinite) subset of J. Prove that (J;cx V;j is
closed with respect to Ox. You may wish to proceed as follows.

(1) Let z € X'\ (UjeK V]> Observe that since {V;},_; is locally finite with respect

to Ox, there is a neighbourhood U, of z in (X, Ox) with the property that the set
L of j € J such that U, NV} is non-empty is finite.

(2) Let U =UzN <ﬂj€LX \ Vj> Prove that U belongs to Ox.
(3) Observe that z € U.

(4) Prove that U N (UjeK V]> is empty, and thus that U is a subset of X \ V.

(5) By Task [E8.3.1} deduce that X \ <UjeK Vj) belongs to Ox.

Task E8.3.8. Let (X,Ox) be a topological space. Let {Vj}jeJ be a locally finite set
of subsets of X, with the property that X = |J e Vj. For every j € J, let Oy, denote
the subspace topology on V; with respect to (X,Ox). Suppose that V; is closed with
respect to Ox for every j € J. Let V be a subset of X such that V' NV} is closed with
respect to Oy, for every j € J. Prove that V is closed with respect to Ox. You may
wish to proceed as follows.

(1) Appealing to Task [E2.3.3| (3), observe that V N Vj is closed with respect to Ox.

(2) Prove that since {V;},_; is locally finite, so is {V NV;}, ;.
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ES8.3 For a deeper understanding

(3) By Task deduce that (J;c; V N'Vj is closed with respect to Ox.

(4) Observe that V = J;c,; V NVj.

Task E8.3.9. Let (X,Ox) be a topological space. Let {V;},_; be a locally finite set
of subsets of X, with the property that X = Uje s V. For every j € J, let Oy, denote
the subspace topology on V; with respect to (X,Ox). Suppose that V; is closed with
respect to Ox for every j € J. Let U be a subset of X such that U N'V; belongs to Oy,
for every j € J. Prove that U belongs to Ox. You may wish to proceed as follows.

(1) Since U N Vj belongs to Oy;, observe that V; \ (U NVj) is closed with respect to
Oy, for every j € J.

(2) Observe that V;\ (UNV;) =V, N (X\U).
(3) By Task [E8.3.8] deduce that X \ U is closed with respect to Ox.

Task E8.3.10. Let (X, Ox) be a topological space. Let O’y be a topology on X such
that O is a subset of Ox. Let A be a subset of X. Suppose that x is a limit point of
A in X with respect to Ox. Prove that z is a limit point of A in X with respect to O

Task E8.3.11. Let (X,Ox) and (Y, Oy) be topological spaces. Let A be a subset of
X, and let B be a subset of Y. Prove that cl xxy,0,,,) (4 x B) is

Cl(X,OX) (A) X Cl(y7(9y) (B) .

Task E8.3.12. Let (X, Ox) be a topological space. Let A and B be subsets of X such
that A is a subset of B. Prove that cl(x o) (A) is a subset of clx o) (B).

Task E8.3.13. Let (X,Ox) be a topological space. Let A be a subset of X. Let Oy
denote the subspace topology on A with respect to (X,Ox). Let B be a subset of A
which belongs to Ox. Prove that cli40,)(B) is ANclix oy (B). You may wish to
proceed as follows.

(1) Suppose that x belongs to cl(4,0,)(B). In particular, we have that x belongs to
A. Let U be a neighbourhood of x in X with respect to Ox. By definition of O 4,
observe that A N U is a neighbourhood of x in A with respect to O4.

(2) Since = belongs to cl 4 0,) (B), observe that BN (AN U) is not empty.

(3) Since BN(ANU)is (BNA)NU, and since B is a subset of A, deduce that BNU
is not empty.

(4) Deduce that = belongs to cl(x 0, (B). Conclude that cli40,)(B) is a subset of
AN CI(X,OX) (B)

(5) Conversely, suppose that x belongs to A N clx ) (B). Suppose that U is a
neighbourhood of z in A with respect to O4. By definition of O4, observe that
there is a subset U’ of X which belongs to Ox with the property that U = ANU’.
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(6) Since 2 belongs to clx 0, (B), observe that BN U’ is not empty.

(7) Since B is a subset of A, we have that B = BN A. Deduce that (BN A)NU' =
BN (ANU')=BNU is not empty.

(8) Deduce that x belongs to cl4.0,) (B). Conclude that ANclx o) (B) is a subset
Of Cl(A,(’)A) (B)

(9) By (4) and (8), deduce that cli4.0,)(B) is ANclix o) (B).
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